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Abstract

This paper has been divided into three sections starting with an introductory section. In second
section we have established the necessary and sufficient conditions for a submanifold to be a 3-
contact CR-submanifold. In the third section along with the integrability of distributions D and
D', we have also discussed the cases when the submanifold is mixed totally geodesic or the
leafes of the distributions are totally geodesic. Finally we have established some theorems by
taking the canonical structures, defined for the 3-contact LP-submanifold to be parallel.
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1. Introduction
0
Let M be an n-dimensional differentiable manifold equipped with a Lorentzian para — contact metric 3-

structure (¢, &;, n;, g) (i=1, 2, 3) defined by Kuo (1970)

i (&) =- & (1.1)
0i & =-¢; & =& (1.2)
Ni 0 ¢;=-M; 0 ¢; =My (1.3)
Oi oj—Mi®E=-0 it M ®E =i (1.4)
OP=1+m®& (1.5)
g@ix, diy) =g y)+ni(x)ni(y) (1.6)
N (x) =g (x, &) (1.7)
0 0

for any cyclic permutation (i, j, k) of (1,2,3) where x, y are vector fields on M. M is called a manifold
with a Lorentzian para — Sasakian (LP-Sasakian) 3-structure if

0
(Vi) (y) = (g%, y) +mi ) Mi ()& + (x + i (x) &) i (¥) (1.8)
V.E=hx (1.9)

0 ]
where V' denotes the operator of covariant differentiation with respect to metric gon M .
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0
Let M be an m-dimensional submanifold isometrically immersed in M with LP-Sasakian 3-

structure. We assume that M is a tangent to {§,, &,, &} which is subspace spanned by &, &, &;.
The Gauss and weingarten formula are respectively given by

0
Viy=Vyy+h(x,y) (1.10)

%XN=-ANx+DXN. (1.1
where V and D respectively denote the connection in the tangent and the normal bundle of M and the
second fundamental forms A and h are related by

ghxy),N)=g(Axx,y). (1.12)
Definition (Kobayashi, 1983)

A submanifold M of a manifold I\D/[ with a 3-structure is said to be 3-contact CR-submanifold if there
exists a diferentiable distribution D on M such that
¢:DcD (1.13)
6D cTM) (i=1,2,3) (1.14)
where D" denote the orthogonal complementary distribution of D. We call D a horizontal distribution and
D™ a vertical distribution.

2. 3-Contact CR-Submanifolds

0
Lemma (2.1) for a 3-contact CR-submanifold M of M with LP-Sasakian 3-structure, § € D (i=1, 2, 3)
Proof Let Ze |_(D)l , then (1.2) gives

g&,2)=g(9:§,2)

=g(&, ¢i2)
=0
showing that & eD fori=1, 2, 3.
For xelT (M), we put
¢ x=Tix +F;x (2.1)
where T; x are the tangent part and F; x are the normal part of ¢; x.
For Ne [T (M)*, we put
GN=t;N+fiN (2.2)

where t; N are the tangent part and f; N are the normal part of ¢; N.
The relation g (¢;i X, ) =g (X, ¢; y) (1= 1, 2, 3) together with (2.1) and (2.2) , we have

g(Tix,y)=g(x, Tiy) (2.3)
g (fiNi, No) =g (N, fiNy) (2.4)
g(Fix,N)=g(x,tiN) (2.5)

where x and y are tangent vector fields on M and N, and N, are normal vector fields on M.
Putting x = &; in (2.1), we get

Fi&=0,Ti =0 (2.6)
Putting x = &;in (2.1), we get
Ti&=&.F&=0 (2.7

Now operating (2.1) by ¢; and separating the tangent and the normal parts, we get
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Tix=x+mi(x) &t Fix (2.8)
FTix+fiF;x=0 (2.9)
Again operating (2.2) by ¢; and separating the tangent and the normal parts, we get.
TtN+tfiN=0 (2.10)
fFIN+FN=N (2.11)
Now, operating (2.1) by ¢; and separating the tangent and the normal parts we get.
TiTyx+ 6 Fix—m (%) § = Ty x (2.12)
FiTjx+fiFjx=Fcx (2.13)
Lastly, operating (2.2) by ¢; and separating the tangent and the normal parts, we get
TN+t fN=t N (2.14)
FitgN+fiffN=f N. (2.15)
0
Lemma (2.2) Let M be a 3-contact CR submanifold of M with LP-Sasakian 3-structure, then
FTi=0,fF,=0 (2.16)
tfi=0,Tit;=0 (2.17)
FiT;=0, f; F; = F (2.18)

Proof Let us denote by 1 and m, the projection operators corresponding to D and D™ respectively.
Then we have,

l+m=LIm=ml=0,1’=1lm’=m (2.19)
Then from (2.1), we have

d; Ix=T;Ix + F; Ix (2.20)

¢o; mx =T; mx + F; mx (2.21)
Giving mT; =0, F;1=0 and T; m = 0. Hence we have

T1=T,(Im)=T;,-Tim=T; (2.22)

Putting Ix for x in (2.9) and using (2.22), we get (2.16). Next putting f; N for N in (2.5) and using (2.4)
and (2.10), we get t; f; = 0 and hence (2.10) gives T; t; = 0. Putting Ix for x in (2.13), we get F; T; = 0 and
hence f; Fj = F..

With the help of Lemma (2.2) we can easily prove the following

O
Theorem (2.1) Let M be a submanifold of manifold M with LP-Sasakian 3-structure. Then M is a 3-
contact CR-submanifold if and only if
FiTi=0(,j=1,2,3) (2.23)
or
fiF;=0and f, F; = Fy. (2.24)
Theorem (2.2) Let M be a 3-contact CR-submanifold of M with LP-Sasakian 3-structure. Then T; and f;

(1=1, 2, 3) are para f-structures in M and its normal bundle respectively.

Proof: Applying ¢; to (2.1) and using (1.5), (2.1), (2.2), (2.16) and (2.17), we get
Putting x = T; x and using (2.6) we get
T -T;=0 (2.25)
Again applying ¢; to (2.2) and using (1.5), (2.1), (2.2), (2.16) and (2.17)
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N=fN
Putting f; N for N, we get .- f=0.
o e L
3. Integrability of Distributions D and D

In the equation of Gauss, putting y = &;, we get
Vi&i=Tix, h(x, §) =Fix 3.1

O
Lemma (3.1)- In a 3-contact CR-submanifold of M with LP-Sasakian 3-structure. We have

ViT) () =g (@ix, ¢iy) &+ {x+ 1 (x) &} i (y) 3.2)
+th(x,y) + Ary X

(ViF) () =fih(x,y)-h (x, Tyy) (3.3)
(Vi t) (N) = Arnx - Ti Anx (3.4)
(Vs £) (N) =-h (x, t; N) - FiAxx (3.5)

for any x, ye T (TM) and Ne [ (TM)*
Proof Differentiating (2.1) along x and using (1.8), and separating the tangent and the normal parts,

We respectively get (3.2) and (3.3).
Similarly differentiating (2.2) along x and using (1.8), we get (3.4) and (3.5)
Lemma (3.2) For z, WeD", we have

AFZW+AFWZ:O (36)
ANy = Ayny for ye [(D) and ze [ (D). (3.7)
Proof For any xe |_(ITM), we have

Vidiz=-Ay ,x+Dx¢ zforze |_(DL).
We also have

Vibiz= (Vo) @D+ Viz
Using (1.1) and equating the above two equations, we get
g(0ih (x,2), W) =-g(As . x, W), We (DY
ie. g(Ay wz+ Ay, W,x)=0which gives (3.6).
Now, for xe [ (TM) and y e[ (D), we have

0
g(Vidiy, N)=g(h(x,diy),N)
and

0 0 0
g(Vxdiy,N)=g(Vi¢) (y) +¢i Viy,N)
Hence giving

g(AN q)iy: X):g(A¢Nya X)
That is (3.7) hold good '

O
Theorem (3.1) Let M be a 3-contract CR-submanifold of M with LP-Sasakian 3-structure, then the

horizontal distribution D is integrable if and only if
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h(x, Tiy)=h(y, Tix) forx,ye[(D). (3.8)
Proof Forx, ye r(D), using (3.3), we have.

¢i [X> Y] = Ti [X> Y] + Fi [X> Y]
:Ti [XaY] +h(X, le) -h(y’ TiX)
From which we have our assertion.

0
Theorem (3.2) Let M be a 3-contract CR-submanifold of M with LP-Sasakian 3-structure. Then D" is
integrable if and only if g (h (y, z), F;x) =0 3.9)

for any x, ye [ (D*) and ze [ (D)
Proof : Taking x, ye |_(DL) in (3.2), we obtain

-TiViy=g (X, y) & +tih (X, y) + Ap y X. (3.10)
from (3.10) follows

Arxy-Aryx=Ti[x,y] (3.11)
Using (3.6), we get' '

2Ary=Ti[xy] (3.12)
For A ri(D), (3.12) gives

2g (h(y,2), Fix)=g([x,y], Ti 2). (3.13)

From (3.13), it follows that D" is integrable if and only if (3.9) holds.

0
Theorem (3.3) Let M be a 3-contract CR-submanifold of M with LP-Sasakian 3-structure. If D" is

integrable then each leaf of D* is totally geoderic immersed in M.

Proof For xe [ (D") and ye |_(D), (3.3) gives.

FiViy=fih(x,y)-h(x, Tiy) (3.14)
Foranyz e |_(Dl), (3.18) gives

gFiVyy, Fiz)=g(fih(x,y), Fiz) - g (h(x, T y), Fi 2). (3.15)

Which with the help of (1.6), (2.4) and (3.9) gives
gy, Vx2)=-g(Vxy,2)
:‘g(h(X,Y), fiFiZ)
=0
Hence we have the assertion.

0
Theorem (3.4) Let M be a 3-contact CR-submanifold of M with LP-Sasakian 3-structure. If t; (i =1, 2,
3) are paralle, then M is an invariant submanifold.

Proof By Theorem (3.1), we have

Fj Ti =0 (316)
For any Se [(TM), (2.3) and (2.5) gives
g (Tl tj N, S) =g (tj N, Ti S)

—g(N,FTiS)=0
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Implying that T; t; N = 0 and hence by (2.14), we get
ti f; =t (3.17)
Since t; are parallel, putting x = §; in (3.4), we get
AfiNgj-TiAN £=0 (3.18)
For any Ue |_(TM), (3.18) gives
0=g(h (& V). N)- g (h (& T, U),N)
=g (F; U, fiN) [since h (§;, T; U) =F; T; U = 0]
=g(U, iN)
=-g(U,tu N)=g (FxU,N)
0
from which we have Fy U = 0 showing that M is an invariant submanifold of M .
0
Theorem (3.5) Let M be a 3-contact CR-submanifold of M with LP-Sasakian 3-structure. Then T; can
not be parallel.

Proof If T; are paralle, then putting y = &; in (3.2) and using (1.1) and (3.1), we get

X+t &E+tFix=0 (3.19)

Now putting x = &; (j # 1) in (3.19) and using (1.1), we get & = 0. Hence we get a contradiction i.e.
T; can not be parallel.

O
Theorem (3.6) Let M be a 3-contact CR-submanifold of M with LP-Sasakian 3-structure. Then F; are
parallel if and only if t; are parallel.

Proof For any ye [ (TM), (3.3) and (3.4) gives
g(Vit) (N), y) =g (Ar Nx—Tii AxX,y) (3.20)
=g &y, fiN)-ghx Tiy),N)
=g(fih(x,y)-h(x, Tiy),N)
=g (Vi F) (y), N)

Showing that F; are parallel if and only if t; are parallel
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