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Abstract

The object of the present paper is to study pseudo Wg-flat generalized Sasakian-space-forms. We
studied some properties of nearly ¢ —recurrent and extended nearly ¢ — Wy —recurrent generalized
Sasakian space forms. Also, we find some interesting results in nearly ¢ —Ricci recurrent and nearly
¢ — Wy —Ricci recurrent generalized Sasakian-space-forms.
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1. Introduction

The curvature tensor of Riemannian in differential geometry plays an important role. As well as the
sectional curvatures of a manifold determine the curvature tensor R completely. A Riemannian
manifold with constant sectional curvature ¢ is known as a real space form whose curvature tensor is
given by

RX,Y)Z = c[g(Y,2)X — g(X,2)Y],
VXY,Z €TM.

A Sasakian manifold with constant ¢p —sectional curvature becomes a Sasakain space form and it has a
specific form of its curvature tensor. In order to, Alegre, Blair and Carriazo in 2004, introduced the
notion of generalized Sasakian space form.

An almost contact metric manifold M (¢, €, 7, g) is known as a generalized Sasakain space form whose
curvature tensor R is given by

R(X,Y)Z = fiRy + foR2 + f3R3,
where f3, f5, f5 are differential functions on M and
Ri(X,Y)Z =g(YV,2)X — gX,2)Y,
Ry(X,Y)Z = g(X,¢Z)pY — g(Y, ¢pZ)PX + 29(X, pY)PZ ,
R3(X,Y)Z =nX)n(2)Y —n(¥)n(2)X + gX,Z)n(¥)§ — g(¥, Z2)n(X)¢,

VX,Y,Z € TM. In 2004, the author gives several examples of generalized Sasakian space forms. If

c+3 c-1 c-1 . . .
fi= - fo= - and f3 = - then a generalized Sasakian space form becomes Sasakian space
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form. The geometry of generalized Sasakian space form have been developed by several authors as
Alegre and Carriazo (2008), Sular and Ozgiir (2011), Nagaraja, Somashekhara and Shashidhar (2012),
Sarkar and Akbar (2014), Prakasha and Chavan (2015), Hui and Chakraborty (2016) and many others.

Recurrence spaces have been of great importance and were studied by a large number of authors such
as Ruse (1946), Walker (1950), Patterson (1952), Singh and Khan (1999), (2000) and Baishya and
Chowdhury (2017) etc.

Recently Prasad and Yadav (2021) introduced a new type of non-flat recurrent Riemannian manifold
whose curvature tensor R satisfies the condition:

DR=[A+BJR+B®G, (1.1)

where D denotes the operator of covariant differentiation with respect to metric tensor g and two non-
zero 1-form defined as

A(X) = g(X,p,) and B(X) = g(X,p). (1.2)
The tensor G is defined by

CX,Y)Z =g, 2)X—-g(X, 2)Y, (1.3)
VXY Z eTM.

Such a manifold called as a nearly recurrent manifold and 1-form A and B shall be called its associated
1-forms and n-dimensional recurrent manifold of this kind were denoted by them as (NR),.

If in particular B = 0 in (1.4), then the space is reduced to a recurrent space according to Ruse (1946)
and Walker (1950) which was denoted by K,,. Moreover, in particular, if A = B = 0 then (1.4) becomes
DR = 0. That is, a Riemannian manifold is symmetric according to Kobayashi and Nomizu (1963) and
Desai and Amur (1975). The name nearly recurrent Riemannian manifold was chosen because if B =0
in (1.4) then the manifold reduces to a recurrent manifold which is very close to recurrent space. This
justifies the name “Nearly recurrent Riemannian manifold” for the manifold defined by (1.4) and the
use of the symbol (NR),, for it.

Further, Prasad and Yadav (2021) introduced a new type of non-flat Ricci recurrent Riemannian
manifold whose Ricci tensor S satisfies the condition:

(DxS)(Y,Z) = [AX) + B(X)]IS(Y,Z) + B(X)g(Y, 2), (1.4)
V X,Y,Z € TM where D, A and B defined as above.

Such a manifold called as a nearly Ricci recurrent manifold and 1-forms A and B be its associated 1-
form. Nearly Ricci recurrent manifold of this kind were denoted by him as a N{R(R,,)}. The name
nearly Ricci recurrent Riemannian manifold was chosen because if B = 0 in (1.3) then the manifold
reduces to a Ricci recurrent manifold which is very close to Ricci recurrent space. This justified the
name “Nearly Ricci recurrent manifold” for the manifold defined by (1.3) and the use of the symbol
N{R(R,)} for it.

Let (M™, g),n > 3 be a connected Riemannian manifold of C*® and D be its Riemannian connection.
The pseudo Wy curvature tensor Wy Prasad Yadav and Pandey (2018) of (M?™*1, g) are defined as

We(X,Y)Z = aR(X,Y)Z + b[S(X,Y)Z —S(Y,Z2)X ] —

— (= —b)[gX.NZ - g(¥,2)X], (1.5)

2n+1 2n

VX, Y,Z € TM where r is the scalar curvature tensor and if = 1, b = %, then the pseudo Wg

curvature tensor Wy reduces to Wy curvature tensor Pokhariyal (1982).
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In (1969), Tanno introduced the notion of ¢-recurrent Sasakian manifold and then Takahashi
(1977) investigated the notion of a locally ¢ —symmetric Sasakian manifold and studied its various
properties. This was further deduced by many authors such as Venkatesha, Sumangala and Bagewadi
(2012), Kishor and Singh, Peghan and Tayeba (2013) and many others. Further in (2017), Prasad and
Yadav studied the notion of semi-generalized ¢p —recurrent LP-Sasakain manifold. Recently Hui,
Gowda and Chavan (2017) studied generalized ¢ —recurrent generalized Sasakian space forms. He
proved a generalized ¢ —recurrent generalized Sasakian space form is generalized Ricci recurrent if
and only if f; — f5 is constant. Also, he proved some geometric properties of generalized Sasakian
space form which are dependent on the nature of differentiable functions f;, f, and f3.

The motivation of the above ideas, the object of the present paper is the study of nearly
¢ — recurrent, extended nearly ¢ — Wy — recurrent, nearly ¢ — Ricci recurrent and nearly ¢ —
Wy —Ricci recurrent generalized Sasakian space form. The paper is organized after the introduction and
preliminaries in section 3, & — Wj flat generalized Sasakian space form studied. Section 4 is devoted to
the study of nearly ¢p —recurrent. In section 5, we show that an extended nearly ¢ — Wy — recurrent
generalized Sasakian space form M(f, f5, f3) is Einstein manifold, provided f; —f; # 0. We
investigate in nearly ¢p —Ricci recurrent generalized Sasakain space-form M(f3, f,, f3), 1-forms A
and B are in opposite directions. Finally, in the last section, we show that nearly ¢ — Wy —Ricci
recurrent generalized Sasakian space form is an Finstein manifold, provided a — 2nb # 0 and f; —

fz = 0.
2. Preliminaries

A (2n+1) dimensional Riemannian manifold (M?"*1, g) is said to be an almost contact metric
manifold if it admits a tensor ¢ of type (1,1), & is a vector fields of type (0,1) and 1-form 7 is a tensor
of the type (1,0) satisfying (Blair, 1976, 2000):

¢*X = X +n(X)¢, n() = -1, ¢p& =0, 2.1
9(X, &) =nX), n(¢X) =0, (2.2)
g(@X, oY) = gX,Y) —n(X)n(Y), (2.3)
9(X,¢Y) = —g(¢X,Y), g(¢X,X) =0, (2.4)

forall X,Y € TM.

Again for a (2n+1) dimensional generalized Sasakian space form, the following relation holds (Alegre,
Blair and Carriazo, 2004):

RX,Y)Z = filg(Y,2)X — g(X,Z2)Y] + fo[g (X, 9Z)$pY — g(¥, pZ)pX
+29(X, ¢Y)PZ] + fs[n(XOn(2)Y —n(VIn(Z)X +

9X, Z)n(¥)§ — g(¥, Z2)n(X)¢], (2.5)
nR&X,Y)Z) = (fi — g, Z)nX) — g(X,Z)n(¥)], (2.6)
SX,Y)=@nfi+3f, - f3)9(X,Y) = [3f2 + 2n — 1) fsIn(On(Y), (2.7)
QX = @2nfi+3f, — )X - [3f2 + @n— 1)f3]n(X)S, (2.83)
S(@X,¢Y) = SX,Y) — 2n(fy — f:nXn (), (2.9)
RX, V)¢ = (i — fB)IMX —nX)Y], (2.10)
R, XY = (i — f)9X Y)§ —n(¥)X], (2.11)
SX, ) = 2n(fy — fz)n(X), (2.12)
SE,8) =2n(f1 - f3), (2.13)
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r=2n[@2n+ Df; +3 f, — 2f3] (2.14)
and

Dxé = =(f1 — fR)dX, Dxm)(Y) = —(f1 — f3)g(@X,Y), (2.15)
forall X,Y € TM.
In view of (1.5), we have

"We(X,Y,Z,U) =a'R(X,Y,Z,U) + b[S(X,Y)g(Z,U) —S(Y,Z)g(X,U) ]

— (2 -b) (g NIEZ V) - gV, D)g(X, V) ], (2.16)

VX,Y,Z € TM, where

'R(X,Y,Z,U) = g(R(X,Y)Z,U) and 'Wg(X,Y,Z,U) = g(Wg(X,Y)Z,U).

LetX=U=¢;,i=1,2,3,...,2n+ 1, be an orthonormal basis of the tangent space at any point of the
manifold. Then from (2.16), we have

r
2n+1

Wy(Y,2) = (a - 2nb) [S(¥,2) + 97, 2), (2.17)
where

We(Y,2) = Zi" ' We(ey Y, Z, e .
In view of (2.17), we get

Q@Y = (a — 2nb) [QY +

r
2n+1

1 2.18)
where QY and Q are called pseudo Wy Ricci and Ricci operators respectively.
3. & — Wy flat generalized Sasakian space form
A generalized Sasakian space form is & — Wy flat if

We(X,Y)E=0. (3.1)
Taking & for Z in (1.5) and using (2.2), (2.10) and (2.12), we get

Ws(X, V)¢ = a(fy = )X = n(OY] + [SXK,Y) § — 2n(fy — f3)n(V)X]

~mr1 Gn b)) le@ENE—nmX ], (3.2)

From (3.1) and (3.2), we have
a(fi = DMX =nXY] + [SK,Y) § — 2n(f1 — fIn(V)X]

- (5 —b) g E—nmx 1=0. (33)
Putting & for Y in (3.3) and using (2.2) and (2.12), we get
r=-2n(2n + 1)(f; — f3), provided a — 2nb # 0. (3.4)

Hence we have the following theorem:

Theorem (3.1): A (2n+1) dimensional generalized Sasakain space-form M(fy, f5, f3) is & — Wy flat if
the scalar curvature tensor r = —2n(2n + 1)(f; — f3), Provided a — 2nb # 0.

4. Nearly ¢ —recurrent generalized Sasakian space form

Definition (4.1). A generalized Sasakian space form M(fy, f5, f3) is called nearly ¢ —Ricci recurrent
generalized Sasakian space form if its Ricci tensor S satisfies the condition:

#*((DyRX,Y)Z) = [A(U) + BAWIR(X,Y)Z + B(U)G(X,Y)Z. 4.1)
Using (2.1) in (4.1) we get
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—(DyRY(X,Y)Z + n((DyR)(X,Y)Z)¢ = [A(U) + BIV]R(X,Y)Z
+B(U)G(X,Y)Z.
Contracting (4.2) with respect to X, we get
—(DyS)(¥,2) + n((DyR)(§,Y)Z) = [AU) + BA)IS(Y, 2)
+2nB(U)g(Y, 2).
In view of (2.11), we get
(DyR)(E, YV)Z =U(fr — f)I9(Y,2)¢ —n(Z)Y] -
(i = RIIg(Y, Z2)pU — g(¢U,Z)Y — R(¢U,Y)Z],
which gives
n((DyRIE VZ) = U(fi — g (Y, 2) —n(¥)n(D)] +
(i = f)[9(@U, 2)n(Y) + n(R(¢U,Y)Z)].
Using (2.6) in (4.4), we have
n((DyRYE Y)Z) = U(fy = f)l9(Y, Z) —n(¥)n(2)].
Using (4.5) in (4.3), we obtain
(DyS)(Y,Z2) = —[AWU) + BADIS(Y,2) + [U(f1 — f3) — 2nB(U)]g (Y, Z)
=U(f1 — fsn(n(2).
which can be written as
DS =—[A+B]®S+(C®g + DRn®n,
where € = U(f; — f3) —2nB(U) and D(U) = —=U(f1 — f3) n(¥)n(2).

Hence, we have the following theorem:

4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

Theorem (4.1): A nearly ¢ —recurrent generalized Sasakian space form is nearly Ricci recurrent if

and only if f; — f3 is constant.

If fi — f3 = 1 then the generalized Sasakian space form reduces to Sasakian space form. Hence due to

Alegre, Blair and Carriazo (2004) and Theorem (4.1) can be restated as follows:

Corollary (4.1): A nearly ¢ —recurrent generalized Sasakian space form is nearly Ricci recurrent.

Putting Z = £ in (4.7) and using (2.1), (2.2) and (2.12), we get
(Dy$)(Y,$) = —2n(f1 — fAW) + BW)In(Y) + 2nBU)n(Y).
We have
(DyS)(Y, &) =US(Y,§) = S(DyY,§) =S¥, Dy&).
Using (2.12) and (2.15), we get
Dy$)(Y,$) =2nU(f1 — fn(Y) + (L — fIS(Y, V) —
2nU(f1 — f3)9(Y, U ).
From (4.8) and (4.10), we get
2nU(fy — f)n(Y) + (fi = RIS, ¢U) — 2n(f; — f3)g(Y, U )
= —2n(fy — f)[AW) + BW)In(Y) + 2nB(U)n(Y).
Y is replaced by ¢pY in (4.11) and using (2.10), we get
S(¢Y, ¢U) = 2n(f1 — f3)g(¢Y,¢U ), provided f; — f3 # 0.
From (2.3), (2.9) and (4.12), we get
S(Y, U) = Zn(fl - f3)g(Yf U )
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Hence, we have the following theorem:

Theorem (4.3): A nearly ¢ -recurrent generalized Sasakian space form is an Einstein manifold
provided f; — f3 # 0.

Now, putting ¢ for Z in (4.2), we get
—(DyR)(X,Y)§ +n((DyR)(X, Y)§)E = [A(U) + BUDIR(X,Y)§
+B(U)G(X,Y)E. (4.13)
We have
(DyR)(X,Y)¢ = DyR(X,Y)¢ — R(DyX,Y)é —R(X,Dy V)¢ —R(X,Y)Dyé. (4.14)
From (2.10), (2.15) and (4.14), we have
(DyRYX,Y)§ = U(fy — f2)In(V)X —nCOY] = (L — f)%.
[g(X, pUIY — g(¥, U)X] + (f — f)R(X, U, (4.15)
which gives
n((DyRX,V)E) = (fi = £2)*[9(X, pUIN(Y) — g(¥, pUIN(X)]
+(f ~ MR PV, (4.16)
Using (2.6) in (4.16), we get
n((DyR)(X,Y)E) = 0. 4.17)
With the help of (4.15) and (4.17), the equation (4.13) reduces to
(i = HREPU = (f; — f)*[g(Y, U)X — g(X, pU)Y] +
[(fi = :){AW) + B(U)} + B(U) + U(f1 — f3)].

(n(MX —n(X)Y]. (4.18)
If X,Y and U are orthogonal to ¢ then (4.18) becomes
RX, VU = (f1 — f)lg(Y, U)X — g(X, pU)Y], provided f; — f3 # 0. (4.19)

Now U is replaced by ¢pU in (4.19) and using (2.1), we get

RX, VU = (fi — g, U)X —g(X,1)Y],
VXY, U €ETM.

Hence, we have the following theorem:

Theorem (4.4): A locally nearly ¢-recurrent generalized Sasakian space form is a constant curvature
provided f; — f3 # 0.

5. Extended nearly ¢ — Wy —recurrent generalized Sasakian space form

Definition (5.1). A generalized Sasakian space form M(fy, f2, f3) is called extended nearly ¢ —
Wy — recurrent generalized Sasakian space form if pseudo Wy — curvature tensor Wy satisfies the
condition:

2 ((DuWs )(X,Y)Z) = [A(U) + BADIp*(We(X,V)Z) +

B(U)¢$*(G(X,Y)Z), (5.1)
VXY U€eTM.
Using (2.1) in (5.1) we get
~(Du e )X, V)Z +n ((DuWe )X, V)Z) € = ~[AW) + BANIWy(x, V)2
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+ [A(U) + B In(We(X,Y)Z)E + BU)[-G(X,Y)Z + n(G(X,Y)Z)¢]. (5.2)
In view of (1.5) and (5.2), we get
[a(DUR YX,Y)Z + {(DyS)(X,Y)Z — (DyS)(Y,Z)X} —

2n+1"

(5 -b) (.17 = g7, DX )] + [an(DyR X, Y )Z) + b{(DyS) (X, VIn(2)
~(DyS)(¥,2M(X)} = 5= (5 = b) {9(X, YIn(@) — g(¥, 2)n(X) }1§=

—[A(U) + B(U)] [aR(X Y)Z + b{S(X,Y)Z = S(Y, 2)X} —

2n+1°

(5 -b) L9t NZ = (v, DX }| + [AW) + BW)][an(R(X, Y )Z) +

bSKX, Y)n(Z) — S(Y, 2 (0} — 7 (55 = b) {gX, Y)n(Z) —

2n
g¥, Zn(X) 31§ + BO)[-G (X, Y)Z + n(G(X,Y)Z)E]. (5.3)
Contracting (5.3) with respect to X, we get

—(a —2nb) [(DyS)(Y,Z) -

— 9, 2)| + [an((DyR)(E Y )Z) +
b{(DyS)(E,VIN(Z) = (DyS)(Y, 2)} - m(z = b) I M@) - g (¥, 2)]

= —(a - 20b)[AV) + B)] [S(¥, 2) -

2n+1

91, 2)| + [AW) + BW)].

[an(R(§,Y)Z) + b{S(E,V)(2) - SV, D)} - —— (= = b) (1) (Z) -

90, D] + B (@) — 2n - 1)g (¥, 2)]. (54)

Using (2.11), (2.12), (4.6) and (4.10) in (5.4), we get

I g(v,2)| + [a. U, — £){g(Y. 2)

—n (M@ + b[2nU(f; = fIn(N(Z) — 2n(f1 £2)?9(6U,Y)n(2)

+2n(fy = £2)9(6U, VIN(2) = (DyS)(Y, 2)] - (; —b) (2

—g(Y,2)] = —(a — 2nb)[

[AW) + BW)][a. (f; — f){g (Y, 2) - n(Y)n(Z)} +

bi2n(f, - N IN(Z) = S, 20} = - (5= = b) (n(¥)n(Z) —
9,2} + BW)n(¥)n(Z) — (2n—1)g (¥, 2)]. (5.5)

Putting & for Z in (5.5), we have

—(a—2nb)[2nU(f; — f3)7l(y) —2n(fy — f3)?g(¢U,Y)
+2n(f; = f)S(PU, ¥) = =2—n(¥)] =

—(a - 2nb)[A(V) + BA)] [2n(f, — f3) — | n(1)
—2(n - 1)BU)n(Y). (5.6)
Y is replaced by ¢pY in (5.6), we get

S(QU, ¢Y) = 2n(f1 — f3)9(PU, $Y), provided f; — f3 # 0. (5.7)
Using (2.3) and (2.9) in (5.7), we obtain

2n+1

—(a - 2nb) [(D,,S)(Y 7) —

2n+1
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Hence, we have the following theorem:

Theorem (5.1): An extended nearly ¢ — Wy — recurrent generalized Sasakian space form M (f,, f2, f3)
is Einstein manifold provided f; — f3 # 0.

6. Nearly ¢ —Ricci recurrent generalized Sasakian space form

Definition (6.1). A generalized Sasakian space form M(fi, f3, f3) is called nearly ¢p —Ricci recurrent
generalized Sasakian space form if its Ricci tensor S satisfies the condition:

¢?((DxQ)(1)) = [A(X) + B()IQY + B(X)Y. (6.1)
Using (2.1) in (6.1) we get
—(DxQ(Y) +n((DxQ(V))§ = [AX) + B(OIQY + BX)Y,
which gives
—g(DxQY,2) + S(DxY, Z) + n((DxQ)(V)n(2) = [AC) + BXOIS(Y, 2)
+B(X)g(Y,Z). (6.2)
Putting ¢ for Y in (6.2) and using (2.8) and (2.15), we have

(fr — £)S(¢X, Z) — 2n(fy — f5)*g(¢X, Z) +

2n(fy — IAX) + BX)In(Z) + B(X)n(Z) = 0. (6.3)
Z is replaced by ¢Z, we get

S(pX,¢pZ) = 2n(fy — f3)9(dX, p2),

Provided f; — f5 # 0. (6.4)
Using (2.3) and (2.9) in (6.4), we obtain

Hence we have the following theorem:

Theorem (6.1): A nearly ¢ —Ricci recurrent generalized Sasakain space-form M (f3, f5, f3) is Einstein
manifold provided f; — f3 # 0.

Again putting Z = £ in (6.3) and using (2.1), (2.2) and (2.12), we get
2n(f; — fz)AX) + [2n(f; — f3) + 1]B(X) = 0. (6.6)
Hence we have the following theorem:

Theorem (6.2): In nearly ¢ —Ricci recurrent generalized Sasakain space-form M(fy, f5, f3), 1-
forms A and B are in opposite directions.

7. Nearly ¢ — Wg —Ricci recurrent generalized Sasakian space form

Definition (7.1). A generalized Sasakian space form M(fy, f>, f3) is called nearly ¢ — Wy —Ricci
recurrent generalized Sasakian space form if pseudo Wy curvature tensor Wy satisfies the condition:

2((DxQw)(V)) = [A(X) + B(X)]QwY + B(X)Y. (7.1)
Using (2.1) in (7.1) we get
—(Dx Q@) (V) + n((DxQ@)(V))E = [AX) + BX)1QwY + BX)Y,

which gives

—9(DxQwY,Z) + We(DxY,Z) + U((DXQVT/)( Y))U(Z) =
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[AX) + B(X)IWg(Y,Z) + B(X)g (Y, Z). (7.2)
Putting & for Y in (7.2) and using (2.8), (2.12), (2.15), (2.17) and (2.18), we have
2n(fy — f3)*(a — 2nb)S(¢pX,Z) =

—(a—2nb) [2n(fy - f2) + (A — f + D] 90X, 2) +

—(a = 2nb)[AC0) + BOO] [2n(fy - ) + | n(2) + B&X)n(2) = 0. (7.3)
Z is replaced by ¢Z in (7.3), we get

S(pX,pZ) = 1g(¢pX, $pZ), provided a — 2nb # 0, (7.4)
where 4 — — zn(fl—fsjz((fil_—gﬂ)ﬁ

Using (2.3) and (2.9) in (7.4), we obtain
S(X,Z) =Ag9(X,Z).

Hence we have the following theorem:

Theorem (7.1): A nearly ¢ — Wy —Ricci recurrent generalized Sasakain space-form M(fy, f>, f3) is
Einstein manifold provided a — 2nb # 0 and f; — f3 # 0.

Again putting Z = £ in (7.3) and using (2.1), (2.2) and (2.12), we get

_ _ B(X)
r=-Q@n+1)[2n(f, - ) + et (a_an]- (1.7)

Hence we have the following theorem:

Theorem (7.2): The scalar curvature of nearly ¢ — Wy —Ricci recurrent generalized Sasakain space-
form M(f, f>, f3) is given by (4.7), provided a — 2nb # 0 and A+ B # 0.
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