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Abstract 

The object of the present paper is to study P-cosymlectic manifolds with respect to 
the quarter-symmetric metric connection. 
 
1. Introduction 

Let (M, g) be an n-dimensional connected semi-Riemannian manifold of class C 
and D be its Levi-Civita connection. The Riemannian-Christoffel curvature tensor R, the 
projective curvature tensor J, the concircular curvature tensor V, the conharmonic 
curvature tensor H and the conformal curvature tensor C of (M, g) are defined by Yano 
and Kon (1984) 

R(X, Y) Z = DXDYZ – DYDXZ – D[X, Y] Z,       (1.1) 

J(X, Y) Z = R(X, Y) Z - 
ଵ

୬ିଵ
 (Ric (Y, Z) X – Ric(X, Z) Y],     (1.2) 

V(X, Y) Z = R(X, Y) Z - 
୰

୬(୬ିଵ)
 [g(Y, Z) X – g(X, Z) Y],     (1.3) 

       H(X, Y,) Z = R(X, Y) Z - 
ଵ

୬ିଵ
 [Ric (Y, Z) X – Ric (X, Z) Y   

         + g(Y, Z) X – (X, Z)Y,         (1.4) 

       C(X, Y) Z = R(X, Y) Z - 
ଵ

୬ିଵ
 [Ric(Y, Z) X – Ric(X, Z) Y + g(Y, Z) X 

          – g(X, Z) Y] + 
୰

    (୬ିଵ)(୬ିଶ)
 [g(Y, Z) X – g(X, Z) Y],   (1.5) 

respectively, where r is the scalar curvature, Ric is the Ricci tensor and Q is the Ricci 
operator such that Ric(X, Y) = g(QX, Y). 
 Let M and C semi-Riemannian manifold. A (1.3) tensor field R on M is said to 
curvature-like tensor, if it has all the formal properties of curvature operator. That is, it 
satisfies the following properties Maltz (1972): 
 R(X, Y, Z, W) + R(X, Y, W, Z) = 0, 
 R(X, Y, Z, W) + R(Y, X, W, Z) = 0, 
 R(X, Y, Z, W) + R(Z, W, Y, X) = 0,     (1.6) 

R(X, Y, Z, W) + R(Y, Z, X, W) + R(Z, X, Y, W) = 0, 
where 
 g(R(X, Y) Z, W) = R(X, Y, Z, W). 
 A linear connection D ഥ defined on (M, g) is said to be a quarter-symmetric 
connection Golab (1975) of its torsion tensorTഥ of Dഥ 
 Tഥ(X, Y) = DഥXY - DഥYX – [X, Y], 
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satisfies 
 Tഥ(X, Y) = (Y) X - (X) Y,                                                         (1.7)  
where  is a 1-form and  is a (1,1)-tensor field. Moreover, if a quarter-symmetric 
connection D ഥ satisfies the condition 
 (DഥX g) (Y, Z) = 0,        (1.8) 
where X, Y, Z (M) and (M) is the set of all differentiable vector fields on M, then Dഥ 
is said to be a quarter symmetric metric connection. If we change X by X, then the 
connection is known as semi-symmetric metric connection Friedmann and Schoutern 
(1924). Thus the notion of quarter-symmetric generalizes the nation of semi-symmetric 
connection. A quarter-symmetric metric connection have studied by many geometers in 
several ways to a different extent such as Ahamd, Jun and Haseeb (2009), Berman 
(2015), De, Mandol and Mandal (2016), Haseeb (2015), Prasad and Haseeb (2016) and 
many others. 
A relation between the quarter-symmetric metric connection  Dഥ  and the Lievi-Civita 
connection D in a P-cosymplectic manifold is given by Haseeb and Prasad (2021) 
 DഥXY = DXY + (Y) X – g(X, ).       (1.9) 
The paper is organized as follows: After introduction in section 2, we give a brief account 
of P-cosymplectic manifolds.In section 3, we establish the relation between curvature 
tensors and Ricci tensor of the Riemannian connection D and the quarter-symmetric 
metric connection Dഥ in a P-cosymplectic manifold. In section 4, 5, 6 and 7 we studied –
projectively flat, -concircularly flat, -conharmonically flat and -conformaly flat P-
cosymplectic manifold with respect to quarter-symmetric metric connection  Dഥ  
respectively.  
 
2. Preliminaries 

Let M be an –dimensional differentiable manifold on which there are defined a 
tensor field of a type (1.1), a 1- form  and a vector field  satisfying 

2X = X - (X)  and () = 1,      (2.1) 
Also  () = 0 and (X) = 0.      (2.2) 
Than (M, n) is called an almost para-contact manifold Sato (1976).  
Let g be the Riemannian metric satisfying  
 g(X, Y) = g(X, Y) - (X) (Y),      (2.3) 
and 
 g(X, ) = (X),        (2.4) 
then the structure (, , , g) satisfying (2.1), (2.2), (2.3) and (2.4) is called an almost 
contact para-contact metric manifold Sato (1976). If we define F(X, Y) = g(X, Y), then 
the following relations exist : 

F(X, Y) = F(Y, X),        (2.5) 
and  
 F(X, Y) = g (2X, Y) = g(X, Y) = g(X, Y) = F(X, Y).   (2.6) 
An almost contact para-contact manifold (P-contact manifold) is called P-cosymlectic 
manifold if  
 DX = 0 (DXF) (Y, Z) = 0.       (2.7) 
On this manifold, we have  



Journal of Progressive science, vol11, no.1 &2, 2020 
A Peer-reviewed Research Journal 

 

31 
 

 (DX) (Y) = 0  and  (DX) = 0.       (2.8) 
Definition (2.1): A P-cosymplectic manifold M is said to be an -Einstein manifold if its 
Ricci tensor Ric is of the form Blair (1976) 
 Ric (X, Y) = a g(X, Y) + b(X)(Y), 
where a and b are scalar functions on M. 
A P-cosymplectic manifold M is said to be a generalized –Einstein manifold if its Ricci 
tensor Ric is of the form Haseeb and Prasad (2018) 
 Ric (X, Y) = a g(X, Y) + b (X) (Y) + c F(X, Y), 
where a, b, c are scalar functions on M and F(X, Y) = g(X, Y). If c = 0 then the 
manifold reduces to be an –Einstein manifold. 
 
3. Curvature tensor of P-cosymplectic manifold with respect to the quarter-

symmetric metric connection 𝐃ഥ  
The curvature tensor Rഥ of a P-cosymplectic manifolds with respect to the quarter-

symmetric metric connection Dഥ is given by. 
Rഥ(X, Y) Z = DഥXDഥYZ – DഥYDഥX Z – Dഥ[X, Y] Z.     (3.1) 

From equations (1.1), (1.9) and (3.1), we get 
Dഥ(X, Y) Z = R(X, Y) Z + [ (DX) (Z) Y – (DY) (Z) X +  
                     (Z) {(DX) (Y) – (DY) (X)}] – [(DXF) (Y, Z) –  
                     (DYF) (X, Z) + F(Y, Z) (DX) – F(X, Z) (DY)] –  
                     [F(Y, Z)()X – F(X, Z) () Y + (Z)F(X, Y) 
                      – (Z) F(Y, X)].      (3.2) 

Form (2.1), (2.8) and (3.2), we get 
 Rഥ(X, Y) Z = R(X, Y) + g(X, Z) Y – g(Y, Z) X.    (3.3) 
Taking the inner product of (3.3), we get 
Rഥ(X, Y, Z, W) = Rഥ(X, Y, Z, W) + g(X, Z) g(Y, W) – g(Y, Z) g(X, W), (3.4) 
where Rഥ(X, Y, Z, W) = g(Rഥ(X, Y) Z, W) and R(X, Y, Z, W) = g(R(X, Y) Z, W). 
contracting (3.3) over X and W, we get 
 Rഥic (Y, Z) = Ric(Y, Z) + g(Y, Z) – (Y) (Z) - g(Y, Z).    (3.5) 
where Ric and Rഥic are the Ricci tensors with respect to the connection D and Dഥ 
respectively on M and = trace . 
From (3.5), we get  
 Y = QY + Y – (Y) – Y. .      (3.6) 
where Q and Qഥare the Ricci operators with the respect to the connection D and Dഥ, 
respectively on M, contracting (3.5), we get 
 r̅= r + (n – 1) – 2.        (3.7) 
where r and r̅  are the scalar curvatures with respect to the connection D and Dഥ . 
respectively on M. 
in view of (1.6) and (3.6), we get 
 Rഥ(X, Y, Z, W) + Rഥ(Y, X, Z, W) = 0, 
 Rഥ(X, Y, Z, W) + Rഥ(X, Y, W, Z) = 0,    
 Rഥ(X, Y, Z, W) – Rഥ(Z, W, X, Y) = 0,      (3.8) 
and 
 Rഥ(X, Y, Z, W) + Rഥ(Y, Z, X, W) + Rഥ(Z, X, Y, W) = 0. 
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Thus in view of equation (3.8), we can state the following theorem: 
Theorem (3.1): The curvature tensor of type (0, 4) of a P-cosymplectic manifold with 
respect to quarter-symmetric metric connection is curvature like tensor. 
Form (3.5) we can state the following theorem: 
Theorem (3.2) : (i) If the Ricci tensor of P-cosymplectic manifold with respect to 
quarter-symmetric metric connection vanishes then the Ricci tensor of the manifold with 
respect to Levi-Civita connection reduces in generalized –Einstein manifold, 
(ii) Ricci tensor Rഥic (Y, Z) is symmetric, 
(iii) Ricci tensor Rഥic (Y, Z) is skew-symmetric if and only if Ricci tensor Ric(Y, Z) of 
Levi-Civita connection given by the expression 
 Ric(Y, Z) = (Y) (Z) + g(Y, Z) – g(Y, Z) . 
 
4. -projectively flat P-cosymplectic manifolds with respect quarter-symmetric 

metric connection 
Definition (4.1): A P-cosymplectic manifold M with respect to the quarter-symmetric 
metric connection is said to be –protectively flat if  
 J(̅X, Y) = 0,            (4.1) 
for all vector fields X, Y (M), (M) is the set of all differentiable vector fields an M. 
In view of (1.2), (3.3), (3.5) we get 
 J(̅X, Y) Z = J(X, Y) Z – g(Y, Z) X + g(X, Z) Y – 
                                



୬ିଵ
[g(X, Z) Y – g(Y, Z) X] – 

                                 
ଵ

୬ିଵ
[g(Y, Z) X – (Y) (Z) X – g(X, Z) Y + (X) (Z) Y].        (4.2) 

Putting 𝜉 for Z in (4.2) and using (2.1) and (2.2), we get 
 J(̅X, Y) = J(X, Y).                 (4.3) 
In view of (4.3), we have the following theorem: 
Theorem (4.1): An n–dimensional P-cosymplectic manifold with respect to the quarter-
symmetric metric connection is –protectively flat if and only if the manifold with 
respect to the Levi-Civita connection is also –protectively flat. 
5. –concircularly flat P-cosymplectic manifolds with respect to the quarter-

symmetric metric connection 
Definition (5.1): A P-cosymplectic manifold M with respect to the quarter-symmetric 
metric connection is said to be –concircularly flat if  
 Vഥ(X, Y) = 0,         (5.1) 
for all vector fileds X, Y (M), (M) is the set of all differentiable vector fields on M. 
In view of (1.3), (3.3), (3.5) and (3.7), we get 
 Vഥ(X, Y) Z = V (X, Y) Z – g(Y, Z) X + g(X, Z) Y – 

                                
(୬ିଵ)ି మ

୬(୬ିଵ)
[g(Y, Z) X – g(X, Z) Y].    (5.2) 

Putting  for Z in (5.2) and using (2.1) and (2.2), we get 

 Vഥ(X, Y) = V(X, Y) – 
(୬ିଵ)ି మ

୬(୬ିଵ)
[(Y) X – (X) Y].                (5.3) 

In view of (5.3), we van state the following theorem: 
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Theorem (5.1) : A n-dimensional P-cosymplectic manifold with respect to the quarter-
symmetric metric connection is –concircularly flat if and only if the manifold with 
respect to the Levi-Civita connection is also –concirularly flat, provided 2= (n – 1). 
6. –conharmanically flat P-cosymplectic manifold with respect to quarter-

symmetric metric connection 
Definition (6.1) A P-cosymplectic manifold M with respect to the quarter-symmetric 
metric connection is said to be –conharmonically flat if 
 Hഥ(X, Y) = 0            (6.1) 
for all vector fields X, Y (M) is the set of all differentiable vector fields on M. 
In view of (1.4), (3.3), (3.5) and (3.6), we get 

 Hഥ(X, Y) Z = H(X, Y) Z – g(Y, Z) X + g(X, Z) Y – 
                                                     



୬ିଶ
 [g(X, Z) Y – g(Y, Z) X + g(Y, Z) X 

                                                      – g(X, Z) Y] –
ଵ

୬ିଶ
 [2g(Y, Z) X – 2g(X, Z) Y  

                                                      – (Y) (Z) X + (X) (Z) Y – (X) g(Y, Z)  
                                                      + g(X, Z) (Y)].        (6.2) 

Putting for Z in (6.2) and using (2.1) and (2.2), we get 

           Hഥ(X, Y) = H(X, Y) – 


୬ିଶ
[(Y) X – (X) Y] - 

ଵ

୬ିଶ
[(Y) X – (X) Y].  (6.3) 

In view of (6.3), we can write the following theorem: 
Theorem (6.1) : A n–dimensional P-cosymplectic manifold with respect to quarter-
symmetric metric connection is -conharmonically flat if and only if the manifold with 
respect to the Levi-Civita connection is also -conharmonically flat, provided X and Y 
orthogonal to 𝜉. 
7. -Conformally flat P-cosymplectic manifold with respect to quarter-symmetric 

metric connection: 
Definition (7.1): A P-cosymplectic manifold M with respect to the quarter0symmetric 
metric connection is said to be –conformally flat of  
 Cത(X, Y) = 0,            (7.1) 
for all vector fields X and Y (M) is the set of all differentiable vector fields on 
manifold. 
In view of (1.5),(3.3), (3.5), (3.6) and (3.7), we get 

 Cത(X, Y) Z = C(X, Y) Z – g(Y, Z) X + g(X, Z) Y – 
                                                     



୬ିଶ
[g(X, Z) Y – g(Y, Z) X + g(Y, Z) X 

                                                      – g(X, Z) Y] – 
ଵ

୬ିଶ
[2g(Y, Z) X – 2g(X, Z) Y  

                                                      – (Y) (Z) X + (X) (Z) Y – (X) g(Y, Z)  

                                                      + g(X, Z) (Y)] + 
(୬ିଵ)ି మ

(୬ିଵ)(୬ିଶ)
[g(Y, Z) – g(X, Z) Y].               (7.2) 

Putting  for Z in (7.2) and using (2.1) and (2.2), we get 
Cത(X, Y) = C(X, Y) – 



୬ିଶ
[(Y) X – (X) Y] – 

                                
మ

(୬ ଴ ଵ)(୬ିଶ)
 [(Y) X –(X) Y].        (7.3) 

In view of (7.3), we can state the following theorem: 



Journal of Progressive science, vol11, no.1 &2, 2020 
A Peer-reviewed Research Journal 

 

34 
 

Theorem (7.1) : A n-dimensional P-cosymplectic manifold with respect to quarter-
symmetric metric connection is –conformally flat if and only if the manifold with 
respect to the Levi-Civita connection is also -conformally flat, provided = 0. 
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