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Abstract

The object of this paper is to study K-contact manifolds with generalized quasi-
conformal curvature tensor. We characterized K-contact manifolds satisfying certain
curvature conditions on generalized quasi-conformal curvature tensor.
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1. Introduction

Let (M", g), (n = 2m+1) be a contact Riemannian manifold with contact form 7,
associated vector field &, (1-1)- tensor field ¢ and associated Riemannian metric g. If € is
a killing vector field, then M" called a K-contact manifold Blair (1976) and Sasaki
(1965). K-contact manifolds have been studied by several authors such as Tanno (1966,
1964), Chaki and Ghosh (1972) De and Ghosh (2009) and many others.

Curvature tensor viz., projective curvature, conformal curvature tensor,
conharmonic curvature tensor and concircular curvature tensor are useful tools to
understand the global differential geometric properties of the manifolds with some
special structures. Also, they give us some information about the global curvature
properties of the manifolds, as they are associated with some special
transformations.Keeping importance of these curvature tensor many curvature tensors
defined on Riemannian manifolds such as quasi conformal curvature tensor Yano and
Sawaki (1968), Pseudo projective curvature tensor Prasad (2002) and quasi-concirculan.
Curvature tensor Prasad and Maurya (2007) etc. Continuing these study, a new type of
curvature tensor was defined by Prasad, Doulo and Pandey (2011) with the name of
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generalized quasi-conformal curvature tensor. According to them a generalized qausi
conformal curvature tensor was given by
Gec(X,Y)Z =

aR(X,Y)Z + b|Ric(Y,Z)X - Ric(X, 2)Y] +
c[g(Y, 2)QX - g(X, 2)QY]- i[ﬁ +b+ c].

[8(Y, D)X - g(X,2)Y], (1.1)
where a, b and ¢ are constants such that a # 0, b#0, c#0 and R(X,Y)Z, Ric(Y,Z)Q and r
are the Riemannian curvature tensor of the type (1,3), Ricci tensor of the type (0,2), the
Ricci operator operator defined by Ric(Y,Z)=g(QY,Z) and scalar curvature of the
manifold respectively.
If b=c then (1.1) takes the form
Gec(X,Y)Z =
aR(X,Y)Z +
b[Ric(Y,Z)X - Ric(X,2)Y + g(¥,2)QX - g(X,2)QY] —
g[ﬁ + 2b]|.
[e(Y, )X -g(X,2)Y] = CX,V)Z,
where C(X,Y)Z is quasi-conformal curvature tensor Yano and Sawaki (1968). Thus the
quasi-conformal curvature tensor C is a particular case of the tensor Gq¢(X,Y) Z. For this
reason, G, is called the generalized quasi-conformal curvature tensor. A manifold (M",g)
(n>3) is called generalized quasi-conformally flat if the G=0. It is known Prasad, Doulo
and Pandey (2011) that the generalized quasi-conformally flat manifold is a manifold of
constant curvature, provided [a+(n-1)b—c]+0. It can easily verified that
'Ggc(X,Y,Z, W) + 'Gqc(Y,X,Z,W) = 0,
'Ggc(X,Y,Z,W) + 'Gqc(X,Y,W,Z) = 0,
'Ggc (X,Y,Z,W) - 'Gqc(Z,W,X,Y) # 0,
and
'Ggc(X,Y,Z, W) + 'Gqc(Y,Z,X,W) + 'Gqc(Z,X,Y,W) = 0,
where 'Gqc(X,Y,Z,W) = g(Gqc(X,Y)Z, W).
In particular, the generalized quasi-conformal curvature G is reduced to:

1. Conformal curvature tensor C Mishra (1984) ifa = 1,b = ¢ = — —,

n-2

2. Projective cuvature tensor P (Mishra (1984)if a = 1,b = — iz andc = 0,

n—

3. Concircular curvature tensor Mishra (1984) ifa = 1,b = ¢ = 0,
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4. Wjy-curvature tensor Pokharyal and Mishra (1972) if a = 1,b = Oandc =
1

n-2’
5. Pseudo projective curvature tensor Prasad (2002) if ¢ = 0,
6. Pseudo W,-curvature tensor W, Prasad and Maurya (2004) if b = 0.

After preliminaries in section 3, we prove that a generalized quasi-conformally
flat K-contact manifold is an n-Einstein manifold. As a consequence of this we obtain
scalar curvature under certain condition. Section 4 deals with the study of a K-contact
manifold satisfying div G¢=0. In section 5 we prove that a &-generalized quasi-
conformally flat K-contact manifold is an n-Einstein manifold. Section 6 and 7 devoted
with the study of Ric{ Gq=0 and generalized quasi-conformally irrotational curvature
tensor in K-contact manifold respectively.

2. Preliminaries

Let M" be an odd dimensional differentiable manifold on which there are defined
a real vector valued linear function ¢, 1- form 1 and a vector field € satisfying :

¢’ = —X + n(X)¢ and n(é)=1 (2.1)a

¢ = 0n(X) =0, rankp = n-1 (2.1)b
for arbitrary vectors X, Y is called an almost contact manifold Sasaki, 1967 and the
structure (¢, &, M) is called an almost contact structure Balair (1976). An almost contact
manifold M" on which there is a metric tensor g on M" satisfying

g(¢X, ¢Y = g(X,Y) -n(X)n(Y), (2.2)a
and

g(X,8) = n(X), (2.2)b
is called an almost contact metric manifold and the structure (¢, §, 1, g) is called an almost
contact metric structure or contact metric manifold. A contact metric manifold is
Sasakian manifold if and only if

RX, Y)§ = n(MX - nX)Y. (2.3)
Every Sasakian manifold is K-contact but the converse need not be true, except in
dimension 3 June and Kim (1994).
Besides the above relations in K-contact manifold the following relations holds:

Dx¢ = — ¢X, (2.4)
gRE XY, 8 = nREX)Y) = gXY) - n(X)n(Y), (2.3)
REX)5 = =X + n(X)s, (2.6)
Ric(X,8) = (n — n(X), 2.7)
Dx¢ = R(EX)Y, (2.8)
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for any vector fields X and Y.
Further since € is a killing vector field, Ric and r remains invariant under it, i,e.,

LgRic=0 and Lgr=0, (2.9)
where L denotes the Lie-derivation.
Again a K-contact manifold is called Einstein if the Ricci tensor Ric is of the form
Ric(X,Y)=A g(X,Y) where Ais constant and n-Einstein if the Ricci tensor Ric is of the
form Ric(X,Y)=a'g(X,Y)+bn(X)n(Y), where a’ and b’ smooth functions on M".
3. Generalized quasi conformally flat K-contact manifolds

In this section we consider generalized quasi-conformally flat K-contact manifold.
If a K-contact manifold (M",$,§, n,g)is generalized quasi-confomally flat, then form (1.1),
we get

aR(X,Y)Z = b|Ric(X,Z)Y - Ric(Y, Z)X] + c[g(X, 2)QY - g(Y,Z)QX]

—I[Z 4 b+ | [sx DY - g (v, DX, 3.1)
Equation (3.1) can be put as
ag(RX,Y)Z, W) =
b[Ric(X, Z)g(Y, W)~ Ric(Y,Z)g(X,W)] +

c[g(X, Z) Ric(Y, W)-g(Y, Z)Ric(X, W)]| —

22+ b+ ][5, 2) g(Y, W)- g(Y,2) gX W) (3.2)
Putting & for X and Z in (3.2), we get
ag(R(E,Y)EW) =
b[Ric(§, §)g(Y, W)- Ric(Y, &)g(§ W)] +
c[g(& HRic(Y, W)- g(Y, §)Ric(§, W)] —
L[+ b+ | [gE DL W)- g(Y, DeEW)]  (33)
In view of (2.1), (2.2), (2.5) and (2.7) in (3.3), we get

Ric(Y,W) = Ag(Y,W) + Bn(Y)n(W), (3.4)
where A and B are given by
a b r a
A——;—;(n—1)+a(m+b+C)
and
a b r a
B—+E+E(n—1)—E(E+b+c)+(n+1). (3.5)

Form (3.5), we get
A+B=(mn-1)
Form (3.4), we can state the following theorem:
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Theorem (3.1): A generalized quasi-conformally flat K-contgact manifold is an 1-
Einstein manifold.

Putting Y=W=E;, where {E;} is an orthonormal basis of the tangent space at each point of
the manifold in (3.4) and taking summotion over i, 1<i <n, we get

r = An + B. (3.6)
In view of (3.5) and (3.6), we get
r = n(n — 1),provideda + b(n — 1)-c # 0. 3.7

Hence we have the following theorem:
Theorem (3.2): In the generalized quasi conformally flat K-contact manifold, scalar
curvature

r = n(n — 1), provideda + b(n — 1)-c # 0.
Form (3.4), (3.5) and (3.7), we obtain

Ric(Y,W) = (n — 1)g(Y,W). (3.8)
In view of (3.2) and (3.8), we get

Ric(X,Y,Z, W) = g(Y,2)g(X, W) - g(X,Z)g(Y,W),a # 0.
Hence we have the following theorem:
Theorem (3.3): Let (M",g) be a K-contact manifold. Then M" is generalized quasi-
conformally flat if and only if it is locally isornetric with a unit sphere S"(1).
4. K-Contact manifold satisfying div G,=0:

This section deals with a K-contact manifold satisfying

divGg. = 0, 4.1)
where div denotes the divergence of generalized satisfying conformal curvature tensor
Ge.
Differeantiating (1.1) covariantly along U, we obtain

(DyGee) X YZ = a(DyR)(X, Y)Z + b[(DyRic)(Y,Z)X - (DyRic)(X, 2)Y] +

c[g(¥,2) (DyQX - gX D) (DyQM] - 5[ + b +
| [s(V, D) X - g%, 2) Y]. (4.2)

Contraction of (4.2), we get
(divGe) (X, Y)Z =
(a + b)[(DxRic)(Y,Z) - (DyRic)(X,Z) —
|2 - (53) ¢ + b][g(v,2) dr(X) - (X, Z)dr(V)]. (4.3)
Form (4.1) and (4.3), we get
(a + b)[(DxRIC)(Y,Z) — (DyRiOX,Z)] — [ - (“—‘2)c + b].

n-1 2
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[g(Y,Z)dr(X) - g(X,Z) dr(Y)] = 0. 4.4)
Form (2.9), we get
(Dg Ric)(Y,Z) = Ric(Dy§, Z) - Ric(Dz8, Y). (4.5)

Putting X=€ in (4.4) and using (4.5) and dr(§)=0, we get
(a + b)[Ric(Dy & Z) + Ric(D5 €,Y) + (DyRic)(§272)] —

2|2 - (B2) ¢ + b|n@dr(v) = 0. (4.6)
Form (2.7), we have
(DyRic)(§Z) = (n- 1)g(Dy §Z)- Ric(DyE 7). (4.7)

Using (4.6) and (4.7), we get
(a + b)[(n- 1)g(Dy§ Z) + Ric(DzE, V)] =

2+ b - (HT_Z) C]T] (Z) dr(Y). (4.8)

nln-1

From (2.4) and (4.8), we get
(a + b)[(n- 2)g(dY,Z) + Ric(¢Z, V)] =

22+ - (B2 |n@adry) (4.9)
Operating ¢ on Z in (4.9), we get

(a + b)[Ric(Y,Z) - (n- Dg(Y,Z)] = 0. (4.10)
Equation (4.10) implies that

Ric(Y,Z) = (n — Dg(Y,Z),a + b # 0. (4.11)
Hence (4.11), we get

QY = (n — 1Y. (4.12)

Hence in view of (4.11), (4.12), we get from (1.1)

Dec(X,Y)Z = a|RX,Y)Z - g(Y, D)X - g(X, 2)Y].
Hence from (4.11), we get the following:
Theorem (4.1): A K-contact manifold with divergence free generalized quasi-conformal
curvature tensor is an Einstein manifold, provided a+b=0.
5. &-generalized quasi-conformally flat K-contact manifold

¢ -conformally flat K-contact manifold have been studied (Zhen, Cabrerizo,

Fermnandez and Fernanadez, 1997).
Here we study &-genralized quasi-conformally flat K-contact manifold.
Definition (5.1): A K-contact manifold is said to be § generalized quasi-conformally flat
manifold if

Gqe(X,Y)E=0. (5.1
Let as assume that the manifold M" is §-generalized quasi conformally flat. Then using
(5.1)in (1.1), we get
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aR(X, Y)§ + b(n — D[n(MX — nX)Y] + ¢[n(V)QX — n(X)QY]
— 2|5 + b+ | mmx- oY) = 0. (52)

niln-1

Putting & for X in (5.2) and using (2.7) and n(§)=1, we get
a[=Y + n(V)E] + b(n — D[=Y + (V)& + c(n — Hn(¥)E — QY]

— =+ e+ b mmE- Y] = 0. (5.3)
Simplification of (5.3), we get

Ric(Y,Z) = Ag(Y,W) + Bn(Y) n(W), (5.4)
where A and B are given by

a b r[ a
A=—;—;(n—1)+;[m+b+c], (55)
a4 b — SN L -
B =-+- n—-1) - [n_1 +b+c)+ (n-1)]. (5.6)

In view of (5.4), we get the following theorem:
Theorem (5.1): A €-generalized quasi-conformally flat K-contact manifold is an n—
Einstein manifold.
6. K-contact Riemannian manifold satisfying (Ric%Gqc)(Y,Z)=0 :
Let us consider that in K-contact Riemannian manifold satisfying
(RiciGg)(Y,Z) = 0. (6.1)
Ric] denotes the contraction of G4 with respect to X. Thus we have from (1.1)
(Ric}Ggc)(Y,Z) = aRic(Y,Z) + b(n — DRic(Y,Z) +

c[rg(Y, Z)- Ric(Y, Z)] — i[ﬁ + b + c].

(n — Dg(Y,Z2). (6.2)
From (6.1) and (6.2), we get

[a + b(n — 1)- (] [Ric(Y, Z)— - g(y, Z)] = 0, (6.3)
which gives Ric(Y,Z)Zig(Y,Z), provided to at+b(n-1)—c#0.This shows that (M",g) be an
Einstein manifold.

Putting & for Z in (6.3), we get

r = n(n— 1),provideda + (n— l)b— c # 0.

Theorem (6.1) : If in K-contact manifold the relation (Rici Ggc)(Y,Z)=0 holds, then M" is

an Einstein manifold with the scalar curvature r= n(n-1), provided a+b(n-1)—c+0

7. Generalized quasi conformaly irrotational curvature tensor in K-contact
manifold

The rotation of generalized quasi-conformaly curvature on a Riemannian

manifold is given by
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Ry + Ggc =
(DyGae) X Y) Z + (DxGqc)(U,Y,Z) +
(DyGgc) (U,X,Z) - (DzGgc) (X, Y, U). (7.1)
By virtue of second Bianch identy, we get
(DyGae) X Y)Z + (DxGqe)(U,Y)Z + (DyGge)(U,X)Z = 0. (7.2)
Hence from (7.1) and (7.2), we get
Curl Ggc = - (DzGqc) (X, Y)U. (7.3)
If the generalized quasi-conformal curvature tensor is irrotational, then
Curl Ggc = 0. (7.4)

By (4.4), we get

(D2Gqc) X YIU = Gge(DzX, Y)U + Gge(XDzY)U + Goe(X,Y)DZU.  (7.5)
Putting U=€ in (7.5), we get

(D2Gqc) X Y)E = Gge(DzX, V) 4+ Gqe(XDzY)E + Gge(X, Y)DZE. (7.6)
Putting Z=&in (7.5) and using (2.10, (2.3) and (2.7), we get

GeeXVE = [a + (n- 1) = 2(Z= + b + ¢)| NOOX - nX)Y]

+ c[n(MQX - n(X)QY]. (7.7)

Using (7.6) and (2.4) in (7.6), we get

Gpe(X,Y)Z = [a + b(n - 1) —%(ﬁ + b+ c)]

[9(v, d2)X - g(X, ¢p2)Y] + c[g(Y, $pZ)pX
- g(X, $Z)QY - n(Y)(DQ)X + n(X)(DzQ)

Dzr

- —(ﬁ + b+ c) {n(MX - n(x)v}]. (7.72)

n
Operating ¢ and Z in (7.7a) and using (2.1), we get
GeeXNZ = [a + b(n — 1) = Z(== + b + ¢)|[s(V,2)X - gX,2)Y]
+¢[g(Y,Z) QX -g(X,Z) QY - n(V)(DzQ)(X) + n(X)(D$zQ)
— (ﬁ + b + c) MYX- nX)v}]. (7.8)
In view of (7.8), we get the following theorem:
Theorem (7.1): If the generalized quasi conformal curvature tensor in a K-contact

manifold is irrotational then the generalized quasi conformal curvature G (X, Y) Z is
given by the expression

GeeXNZ = [a + b(n — 1) = Z(== + b + ¢)|[s(V,2)X - gX,2)Y]
+ c[g(Y,Z2) QX -g(X,2) QY - n(Y)(DzQ(X) + n(X)(D$zQ)
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— (2 + b+ ) MX- V]
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