JOURNAL OF PROGRESSIVE SCIENCE, VOL.5, NO.1, 2014

ISSN:0976-4933
Journal of Progressive Science
Vol.05, No.01, pp 09-16 (2014)

hv-recurrent Finsler Connections with Deflection and Torsion

B. N. Prasad, S. K. Tiwari and C. P. Maurya
Department of Mathmatics, K.S. Saket P. G. College
Ayodhya, Faizabad (U.P.), India
Email sktiwarisaket@yahoo.com, chandraprakashmaurya74@gmail.com
Email- baijnath prasad2003@yahoo.co.in

Abstract

The purpose of the present paper is to determine a Finsler connection which is nither h —metrical nor v-
matrical. The presented paper we determine only those Finsler connection whose torsion tensor field S
vanishes.

1.Introduction

In 1934 E. Cartan (Motsumoto, 1986) published his monograph ‘Les especes de Finsler’ and fixed his
method to define a notion of connection in the geometry of Finsler spaces. In 1966 his method was
reconsidered by M. Matsumoto (Hashiguchi, 1969) and determined uniquely the Cartan’s connection by
assuming four elegent axioms

(1) The connection is metrical,

(2) The deflection tensor field vanishes,
(3) The torsion tensor field T vanishes,
(4) The torsion tensor field S vanishes

Hashiguchi (1969) replaced the condition (Carton, 1934) by some weaker condition and determined a
Finsler connection with the given deflection tensor field. In 1975 (Hashiguchi, 1969) he also determined
uniquely a Finsler connection by replacing the condition (Hashiguchi, 1969). In almost all these works it
has been assumed that the connection is metrical so that covariant differentiation commutes with the
raising and lowering of the indices. Prasad, et al., (1990) determine a Finsler connection which is h-
recurrent but v-metrical that is the hv-covariant derivative of the metric tensor is recurrent and
v[covariant derivative of metric tensor vanishes. The purpose of the present paper is to determine a
Finsler connection which is neither h[Jmetrical nor vh metrical. A Finsler connection will be called hv-
recurrent Finsler connection if the h and v covariant derivatives of the metric tensor is recurrent with
respect to two different covariant vector fields. In this paper we determine only those Finsler connection
whose torsion tensor field S vanishes.
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2.Fundamental Formulae

A Finsler manifold F' = (M, L) of dimension n is a manifold M" associated with a fundamental function

L(x, y) where x (= xi) denote positional variable of F" and y (= y') denote the components of a tangent

. i . N, | R :
vector with respect to x'. The metric tensor of F is given by g; = Eai 0 i L2, where 0; = i

A Finsler connection of F' is a triad ( Fjik , NL , Cijk ) of a v-connection Fjik , a non- linear connection NL
and v-connection Cijk (Motsumoto,1970). If a Finsler connection is given, the h and v covariant
derivatives of any tensor field Vji are defined as
Vi =d Vi + V'FL - Vi FR (2.1)
Vil =0, Vi +V"Cl, —ViCh (2.2)
2
=

For any Finsler connection (Fj‘k N, Cgk) we have five torsion tensor and three curvature tensors

where d, =8, -N"d,, 0,

which are given by

(h) h-torsion: T} =F) —F}; (2.3)
(v) vtorsion: S} = Cly - Cj; (2.4)
(h) hv-torsion: Cgk = as the connection Cgk 2.5)
(v) htorsion: R}y =d, N\ —d,Nj, (2.6)
(v) hv-torsion: Pjik = akNg - Fli(j 2.7
h-curvature: Ry =d,Fy—dFy + EIFy —FiFr +Cl R (2.8)
hv- curvature: Pﬁjk = ékalj — Lk‘j +C} ik (2.9)
v-curvature: Sihjk = Cihj —_ Chkaimj + SkCihj - éjCLk . (2.10)

The deflection tensor field Di( of a Finsler connection is given by
Dy, =y’ jlk—Ni(. (2.11)
When a Finsler metric is given, various Finsler connections are determined from the metric. The well
known examples are Cartan’s connection, Rund’s connection and Berwald’s connection. We shall use

Cartan’s connection which will be denoted by (F;i( Gy, ggk) this connection is uniquely determined

from the metric function L by the following five axioms:
(C,) The connection is h-metrical i.e., i = 0,

(C,) The connection is u metrical i.c., gij|k= 0,

(C,) The Deflection tensor field Di( vanishes,
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(C,) The torsion tensor field Tjik vanishes,

(C,) The torsion tensor field S;k vanishes,

and are given by (Motsumoto,1966)

Fjli = %gih (dygjn +digxn —dpgix) (2.12)
@ G=4G ® =1, 2.13)
gﬁk = gihgjhka Eink = %ahgjk :%5115]'8@2 (2.14)
where
jik = %gih(akgjh +0;8h — Op8jk) (2.15)

is the Christoffel symbol of F" and ‘0’ denote contraction with y.
In this paper we replace the four conditions (C)), (C), (C,) and (C,) and investigate general

Finsler connections with given deflection tensor field and torsion tensor field which are hv-recurrent as
well as vh-recurrent that is

where a_and b, are components of a given covariant vector fields in F".

3.hv-recurrent connections with deflection and torsion
Since our Finsler connection is h-recurrent as well as vh-recurrent we have to notice that some formulae
have the style different from the ones familiar to us. For example the hOrecurrent, i = & & of the

metric tensor g; gives the formula
h
ik = ik 8hj T 27 Lijk (3.1)
and v-recurrent, gij|k =b, g of the metric tensor g; gives the formula
h
8iikl = 8ikly 8nj +b; Zijk - (3.2)

Theorem (3.1). The vertical connection of the Finsler space F' is uniquely determined from the metric
function L (X, y) by the following axioms:
gij|k =b, g with given covariant vector field b , (1)

k=0.2)
Proof: From the axiom (1) it follows that
: h h
akgij - ghjcik - gihcjk = bkgij .
Applying Christoffel process and using axiom (2), we obtain
. 1 . .
ik = ik _E(bjSL +b, 8 —b'gy) (3.3)
where bi = gij Y Hence we have the theorem.

Since for the Carton’s vertical connection gijk satisfies C-conditions i.e., yJ =0, we get
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i1 i i
Ci vy’ ZE(b Yk —bodx —byy) (3.4)

j
where y = g, Y-
We use the following results which can be proved by the equations (2.9), (3.4) and axiom (Cy).

i i i 1 il i
Y\j=DJ” Y|j:(l__b0)6j+_(b yi—b;y) (3.5)

‘ N h .
Now we shall prove the followmg.
Theorem (3.2). If a Finsler connection is h v[recurrent with respect to given recurrence vectors a, and b,

and the connection coefficient are symmetric, then it holds for the components Py, = g, Pﬁ’d of the h

vlrecurrent tensor field.
Piji + Pjig + 2, 85 gkl +agl g; +b Pklgu bl|kg __(bkal +bjay _ahb )8 =0 3.7)
Py =Gy {8 — Zjkm P’ — 22 ik §+ Nijia + M (3.8)
where
ljkl [( ijk + Tli + T + a; g ik g — 4 g )|Z +( ijm — 1m + iji _amgij )gkml (39)
+ G i) { (Tiim + Tigm + Timi +2m & )g?zl}]
1
Hijs = 5[(1)1?; (0i8im +b,8ij = bigim ) + (bixgj + by 8i; —bjkgiy) (3.10)
1 1
+ E(blai +ba; —a,b"g) gy + E(blak +bya, —a,b"g,)g;
1 1
_E(bjal +bsa;— ambmgjz)gik + Eme(ij) {Tkim8j + Tikm8js + Tiim&uc }

1
+—bm(T1i}“gu+Tngz gkz)+ bl(TJkl+Tklj+Tk_]1)+ b( ikt + Tine + Tijr)

5 bk( 1l + Tl_]l) += b (lel + Tllk + Tkll) += bl (alg_]k + akgl_] jgik )]

where Tiu= i, Tjk and G(ij){}denotes the interchange of the indices i and j and subtraction.
Proof : Applying the Ricci identity (Motsumoto,1966) for the metric tensor g; we get
h h h
ik —8ijkli= 8ijnCrxs + Gijly Py + gh_]Plkl + &in Pk
which in view of ik = A & and gij|k =b,g; gives (3.7).
Again contracting one of the Bianchi identity [6]
h h h h h
Tl _kaTi}n + G {Tim CJk + C_]k|1 + ClmPﬁ? Py} =0
with g, and applying Christoffel process with respect to i, / and j, we get (3.8).
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Theorem (3.3). Given a non-linear connection NL , a skew-symmetric Finsler (1, 2) tensor field Tjik
and covariant vector fields a, and b, in a Finsler space there exists a unique Finsler connection (Fjik , i
Cgk) satistying the axiom (Cs) and (C'l )The connection is h-recurrent that is ik = A 8 (C'Z) The
connection v- recurrent that is gij|k =b, g;.
(C'3) The non-linear connection is the given , (C'4) The (h)-h torsion tensor field is the given.
Proof: From the axioms (Cs) and (C'Z ), it follows that the vertical connection Cgk is given by (3.3).
From the axiom ( Cvl ), we have

akgij - Nkmamgij - gijirﬁl - giijILl = a4y 8-
Applying Christoffel process to the above equation and using axiom (C'4) and expression (2.3) for (h)-h

torsion, we get
‘ . . . i 1 . C .
jlk = jlk - (ngNEn + g}mNLn -8 lgjkmth) —E(aj5i< + ak6} —a gjk) +A}k (3.11)
where
i _Lop onipo hi i 312
jk_E( g +Ting + Ty (3.12)
In view of (3.3) and (3.11) it is clear that the Finsler connection (Fjik , NL , Cijk ) is uniquely determined
from the metric function L and from given vector fields a,, b,, Tjik and NL . For the above connection the
deflection tensor field Di( defined in (2.11) is obtained by contraction of (3.11) with yj, to get
D, =Gy +2g,,G™ — g, Ng =N — E(aOSL +a,y —a'y ) +Ap- (3.13)
Contracting (3.13) with yk, we get
. . . 1 .
g:zGl—Dg—aowaa‘L%Ago. (3.14)
Substituting the value Ni, in (3.13) and using c-conditions, we get
‘ ‘ . 1 ‘ . 1 ‘ S
N =Gy — g (Agy — Dy’ +EamL2) +(Agk — L)—E(aosi( +ayy —a'yy).
Hence we have the following:

Theorem (3.4). Given a Finsler (1, 1) tensor field Di( , a covariant vector fields a b, and a skew-

symmetric Finsler (1, 2) tensor field Tjik in a Finsler space there exixts a unique Finsler connection (Fjik ,
L, C;k ) satisfying the axioms (C'l ), (Cé), (C'4) and (Cs) and (C'3) the deflection tensor field is the
given Di( .

The v-connection Fjik is given by (3.11) in which the non-linear connection is given by
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N, =Gl — g}, Bl + B} (3.15)
where
. . ] . S
Bi( = })k _Di( _E(a()Si( +aky1 _alyk). (316)
The vertical connection is given by (3.3).

As a special case of the above theorem if we impose the axiom (C;) instead of (C's ), the Bi( in (3.16)

become
‘ ‘ 1 . S
By = 6k‘5(305i<+aky1 —a'yy) (3.17)
and we have the following:
Theorem (3.5). Given a skew-symmetric Finsler (1, 2) tensor field Tjik and covariant vector fields a,, b,
in a Finsler space there exists a unique Finsler connection (Fjik ,NL , Cijk) satisfying the axioms (C; ),

(C))(C3), (C,) and (Cs). These coefficients are given by (3.11), (3.3) and
N} = G~ (AR - 32"L2) + Al — (@03} + 2y =a'yy). (3.18)

If we assume that BL =0, equation (3.15) reduces to NL = GL , and we have the following which gives
the Finsler connection with deflection and torsion.
Theorem (3.6). Given a skew-symmetric Finsler (1, 2) tensor field Tjik and covariant vector fields a,, b,

i

in a Finsler space there exists a unique Finsler connection (Fjik , Ny, Cgk) satisfying the axioms (C,),

(C,2 ), (C'4 ), (Cs) and (C; ): The non linear connection NL is the one given by E. Cartan. The

coefficient are given by
i = Yik — (8mGY +8imCy — ghlgjkafln) - E(ajSL +a8;—a'gy )+ Aj. (3.19)
The deflection tensor field DL is expressed as
i R P i i
Dk = 0k _E(aosk +aky —a yk) (320)
As a special case of Theorem (3.5) if we impose the axiom (C,) instead of ( C'4), we have the following:

Theorem (3.7). Given covariant vector fields a,, b, there exists a unique Finsler connection ( j‘k N,

C;k ) satisfying the axioms (C'1 ), (C'2 ), (C3), (C4) and (Cs). These coefficients are given by

ik =i+ Qi (3.21)
L =G +T} (3.22)
i i1 i i1
ik = 8jx —5 (b0 +b 8 —bgy) (3.23)
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where I'}} and G are given by (2.12) and (2.13) and
Qi = %{aogﬁ-k + L2 (2im 8 + Sk — L&) @ (3.24)
—(gﬂhyk + thYj - ghjkyi) a" - (ak8§ + ajSL - aigjk)}
T, = %(aiYk —a,y' —agd), - ngﬁkaj) : (3.25)

For simplicity we shall use the following terminology

(i) A Finsler connection will be called an h vrecurrent Finsler connection if it is h and vJ0recurrent
and its (h) — h torsion tensor field vanishes.

(i1)) A Finsler connection will be called an h v-recurrent Finsler connection with torsion if it is h and
v-recurrent and its (h)[] h torsion tensor field does not vanish.

4.hv-recurrent generalized Berwald spaces

A Berwald space is a Finsler space in which coefficients Fjll( of Cartan’s connection depend on the
position alone (Motsumo1966). Hashiguchi (1975) generalized the concept of Berwald space and defined
a generalized Berwald space as a Finsler space in which the metrical Finsler connection Fjik with torsion

depends on the position alone. We shall generalize these two concepts and give the following:
Definition 1. A Finsler space is called an h v-recurrent Berwald space if there is possible to introduce an

h and v-recurrent Finsler connection in such a way that the connection coefficients Fjik depends on the

position alone.
Definition 2. A Finsler space is called an h v-recurrent generalized Berwald space if there is possible to
introduce an h and v-recurrent Finsler connection with torsion in such away that the connection

coefficient Fjik depends the position alone.

Now we shall find the condition under which a Finsler space become an hv-recurrent generalized Berwald
space.

Theorem (4.1). The h v-recurrent Finsler connection Fjik with torsion satisfies the condition 0 leik =0,
then
giszi( =0 4.1)

1 1 1
(2b, Py +bjay + Ebkal _Eambmglk)gij + Ebl(Tkij +Ty)=0 (4.2)

Proof: From (2.9), it follows that the condition

P ; J.‘k =0 (4.3)
is equivalent to
which in view of (3.1) and (3.3), we get
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P =2, & — Lijr + Lijm P + 5 (b + bk i — b i) (4.5)

1
_E(bi Zim + b 8 —b; g )Py

Substituting this value in (3.7), we get

1
(am g +al)g; +2(a, g — ik + &ijmPry ) — = (bya; +bjay — anbhgkl)gij =0 (4.6)
2

Contracting this equation with y1 and using (3.5) and c-conditions, we get

- 1
2g;; Dy +(ay, gl +ay)y; —E(bkaz +ba, —a,b"gy) y;=0. 4.7)

Again contraction with y' and using c-conditions, we get

1
A, gy +ayl = E(bkal +bja — anbhgkl) (4.8)

which when substituted in (4.7), gives (4.1). Substitution of (4.8) in (3.7) gives

h
Py + Py = (b = b, P g5 (4.9)

1

Then equation (3.8) and (4.9), gives (4.2).
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