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Abstract

The purpose of this paper is to obtain the semi-symmetric h-recurrent Finsler connection of m"-root
metric

1. Introduction

The theory of m"™-root metrics has been first developed by Shimada (1979) as an interesting example of
Finsler metric, immediately following Matsumoto and Numata’s (1979) theory of cubic metric . By
introducing the regularity of the metric various fundamental quantities as a Finsler metric has been found
by Matsumoto and Okubo (1995). In particular, they found the Carton connection of a Finsler space with
m™-root metric.

Yashuda (1986) was introduced various connections in Finsler space. He specially dealt with TM
connection which is a generalization of Carton connection in some sense. Hashiguchi (1975) and
Matsumoto (1986) introduced the notion of generalized Cartan’s connection C[(T) and generalized
Berwald connection B1(T) respectively which are Finsler connection with (h) h-torsion. T. A.Wagner
connection is a generalized Cartan connection in which (h) h-torsion is semi-symmetric. A Wagner space
is a Finsler space in which Wagner connection is linear where as generalized Berwald space is a Finsler
space in which generalized Berwald connection is linear. Matsumoto (1982) has discussed the Wagner’s
generalized Berwald space of dimension two where as Numata (1984) has considered the generalized
Berwald space of G-scalar curvature.

Prasad et.al., (2009) introduced the Wagner connection of Finsler space, with m"-root metric which is h-
metrical. In the present paper we are concerned with semi-symmetric h-recurrent Finsler connection with
m™-root metric.

2. Preliminaries
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The m™-root Finsler metric L (x, y) of an n-dimensional differentiable manifold M" is first defined by H.

Shimada (1979) as

{Lx, y)" = A iy i

where the coefficients a; ;
1

. .. (x) are components of a symmetric tensor field covariant of order m.
2 m

Consequently, the second root metric is, of course, a Riemannian metric and we shall restrict m > 2
throughout the paper. The third and fourth root metrics are especially interesting and have the well known
name:

L’=ay (x)y'y'y* Cubit metric (Antonelli, et al., 1993 ) and Matsumoto and Numata (1979)
L= Apijk (X) Yy y v Quartic metric (Roxburgh,1992)

We shall sketch some fundamental point of the theory of Finsler space F" = (M", L(x, y)) with m"-root

metric L(x, y) for the later use.

Let us first define the tensor a; (X, y), a; (X, y) and ajj (X, y) as follows:

(@ L™ 'a= A i (x)y2y3...... y'm 2.1
(b) Lm72 au = alJ13 .lm (X) y13 .......... ylm
(C) Lmi3 Ajjk = aijki4 ...im (X) y14 .......... ylm .

Then the normalized supporting element /; = 5iL , the angular metric tensor hy = L(éiaj L), the

0,0, 17 00,0,

fundamental metric tensor g;; = J , and g = , of F" are written as

(@) li=a;, hj=(m-1)(a;-aq), (2.2)
(b) gi=(m-1)a;—(m-2)aa
(C) ZLgijk = (m — 1)(m — 2)(aijk — aij g — ajk a;— Agi aj — 2ai aj ak).

We have the following relations among a;, a;; and ajc

(a) a; yi = L,aij yJ = Lai, aijk yk = Laij, (23)
(b) (aij — a; aj) y =0, (@i — a3 ax) v =0,
(c) (@i — ajj ax) yi = L(aj — aj ay),
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(d) L (Oyay) = (m—2)(ay—ay &)

Let us call aj; (x, y) the basic tensor, because this played an important role in the papers of Matsumoto and
Numata (1979) and Shimada (1979). The metric L is called regular if the basic tensor has non-vanishing

determinant. Throughout our theories of m"-root metrics we should suppose the regularity of the metrics.
Let a; (x, y) be reciprocal tensor of a;j (x, y) and we define

a'=a"a, ag = akhahij (2.4)

The reciprocal g’ (x, y) of the fundamental metric tensor gij (x,y) and I'=yY/L = g™ I, are written as
(mO1)gi—a’ +(m-2)a'a, =4 (2.5)

Hence from (2.3)(a) we have

A Finsler connection of (M", L) is a triad (Fjik, L, g?k) of a v- connection Fjik , a non-linear connection
Ni( and a vertical connection gijk (Matsumoto, 1986). If a Finsler connection is given the h and v-

covariant derivatives of any tensor field K; are defined by

Kiy =d K} +K}Fj —K! F} (2:6)
K;‘k: 0y K} +Kj gy —K; ik 2.7)
where
. 0 . 0
d, =0, -N\0.,, O, =——, O =—v.
k = Ok = N0 kT oK k P

The deflection tensor field DE , the (h) h-torsion tensor field Tjik and the (v) v-torsion tensor field S;k of

a Finsler connection are given by
. i . .
@  Dj=yF;-Nj=y;@8)

J

(b) T} =F) - F
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i i
ik = 8ik ~ Bk

When a Finsler metric is given, various Finsler connections are determined from the metric. The well
known examples are Cartan’s connection, Rund’s connection and Berwald’s connection. In this paper we

shall use Cartan’s connection only which will be denoted by CI = (F?li(, G;, ggk) and is uniquely

determined from the metric function L by the following five axioms

(€)
(&)

(G)
(Cy)

(Cs)

The connection is h-metrical i.e., gjjx =0

The connection v-metrical i.e., gk =0

The deflection tensor field D; vanishes,
The torsion tensor field Tjik vanishes,

The torsion tensor field S;k vanishes.

Hashiguchi (1975) replaced the condition (C;) by some weaker condition and determined a Finsler

connection with the given deflection tensor field. He has also determined uniquely a Finsler connection

by replacing the condition (C,). A generalized Cartan’s connection is a Finsler connection satisfying the

conditions (C,), (C,), (C;) and (Cs) while a Wagner connection with respect to S; is a Finsler connection

satisfying the axioms (C,), (C,), (Cs), (Cs) and (*C,) The connection is semi-symmetric i.e.,

The Wagner connection will be denoted by

WL = (Fj, N, gi)

and are given by

(@) Fjik = F;l( +12 (S}kh + gﬁr gf(h)sh + (Yi gikh Y th — Yk g;h) sh 2.9

+gi<h So+ 8ik S' _SL Si,

() Ni=G\-L’g|,8"-y;S'-8}S,

A
() g3k=_glhahgjk

2

66



JOURNAL OF PROGRESSIVE SCIENCE, VOL.5, NO.1, 2014
where S'=g! Si, Sj»kh is the v-curvature tensor of C[J and ‘0’ denotes the contraction with y' .

3. h-recurrent connection with deflection and torsion

Let the Finsler connection is h-recurrent i.e., gijx = by gj, for some covariant vector by, we have to notice
that some formula have the style different from the ones familiar to us. For example the h-recurrency of
the metric tensor g; gives the formula

h
8iiki = Siky 8nj + by i - (3.1

Theorem (3.1). Given a non linear connection NL a semi- symmetric Finsler (1, 2) tensor field Tjik

and covariant vector fields by and Sy in a Finsler space there exists a unique Finsler connection

(Fi., N, gi) satisfying the axioms (Cy), (Cs) and

(C'1 ) The connection is h-recurrent that is g = bi gij,
(Cls) The non linear connection is the given NL ,

(C'4) The (h) h-torsion tensor field Tjik is semi-symmetric i.e.,

Proof : From the axioms (C,) and (Cs) it follows that the vertical connection ggk is the same as Cartan’s

vertical connection given by (2.9) (c).
From the axiom (C'1 ) we have
Oy gij ~ Ny am 8ij — 8mj FY — Eim Fjrlr: =by gij-
Applying Christoffel process to the above equation and using axiom (C'4), we get
jik = jik —(ngN}“ + g}ler? -g" Zikh Ng‘)—%(bjﬁi{ +bk8ij _bigjk) (3.2)
+ g5 8 -8 S

In view of (3.2) and axiom (C'3) it is clear that the Finsler connection ( jik,NL, gijk) is uniquely

determined from the metric function L and from the given vector fields by and S;.

67



JOURNAL OF PROGRESSIVE SCIENCE, VOL.5, NO.1, 2014
For the above connection the deflection tensor field DL is obtained by contraction of (3.2).

Dj =Gy +28,G™ - g, N§' — Nj, —%(boﬁi +by' =b'y )+, S =8,y (3.3)
Contracting (3.3) with y*, we get

Ni =2G' - D} - b,y +%bi L2 +1%S' —y'S,.(3.4)
Substituting the value of Ni) in (3.3) and using the fact that ggk yj =0, we get

NL =Gi< _ng(LZSm -y" 8, -Dg +%bm LZ)JF(YkSi _SLSO _DL)

1 ] R
_E(b08k+bky -byy)-

Hence we have the following:

Theorem (3.2). Given a Finsler (1, 1) tensor field DL covariant vector fields b, and Sy in a Finsler
space there exists a unique Finsler connection (Fjik, L, ggk) satisfying the axioms (C'l ), (Cy), (C'4),

(Cs) and (C;) The deflection tensor field the given Di( .

The v-connection Fjik is given by (3.2), in which the non-linear connection is given by

k =G ~ i B +Bj (3.9)
where
| _y, S -68is,-Di —%(bOSL byt —biy,) (3.6)
The vertical connection is given by (2.9) (¢).

As a special case of the above theorem if we impose the axiom (C;) instead of (C; ), the BL in (3.6)

become

i i i 1 i iy

and we have the following
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Theorem (3.3). Given covariant vector fields b, and Sy in a Finsler space there exists a unique Finsler
connection (Fjik,NL, ggk) satisfying the axioms (C'l ), (Cy), (C'4) and (Cs). These corfficients are given
by (3.2), (2.9) (¢) and

. . . 1 o 1 . o
Ni =G| — g, (L’S™ —y™S, —Ebm *)+y,S -85, —E(bozsL +b,y' —b'y,). (3.8)
If we assume that BL =0, equation (3.5) reduces to NL = GL , conversely if NL = i( then from (3.5)

we get BL = ngBf)n which after contracting with y* and using the fact that gi(m yk =0, weget By' =0

hence BL =0. Thus we have the following which gives the semi-symmetric Finsler connection with

deflection.

Theorem (3.4). Given covariant vector fields b, and S, in a Finsler space there exists a unique Finsler

connection (FJIk , NL , ggk) satisfying the axioms (C; ), (Cy), (C'4) (Cs) and

(Cg) The non-linear connection NL is the one given by E Cartan.

The coefficient Fjik are given by:
jlk =Yj1k - (ngGﬁn + g}mka - ghl &€ ikm Gy') —E(bjSL + kaE - blgjk) + gjksl - SLSJ‘- (3.9)
The deflection tensor field DL is expresed as
i o 1 i i
4. Semi-symmtric h-recurrent Finsler connection of m"™-root metric

First of all we remember equation (2.2)(b) giving the fundamental tensor gj of a m™-root Finsler space F".
This tensor is different from the intrinsic metric tensor a; in the regular F". Since

Lxy)=gxy)yy=axyyy. @l)

F" is regarded as a generalized metric space of line element in the Moor sense (1956), because there is
generally no such a function M (x, y) that a;; is given by

|

In view point of (4.1) it seems natural to us to consider the problem determining a semi-symmetric Finsler

connection based on the intrinsic metric tensor aj(X, y).
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Theorem (4.1). In a regular Finsler space F" with m™-root metric, a semi-symmetric Finsler connection
‘cr :(* jik,*NL, *ggk) is uniquely determined from the intrinsic metric tensor a; (X, y) by the

following five axioms:

(F1) It is intrinsic h-metrical i.e., ajjl« = 0,

(F2) It is intrinsic v-metrical i.e., ajj|« = 0,

(F;)  Its deflection tensor field *Dg vanishes i.e., *Nij = yk *Flij,
(F;)  The (h) h-torsion tensor field *Tjik is semi-symmetric with respect to pji.e.,
*Tjik ZSka - LPJ‘-
(Fs)  Itis v-symmetric i.e., *Sgk =0.
Proof. The axioms (F,) and (Fs) leads us immediately to
*ggk = %air(ék aj + 5j a,, —0, ajy).(42)

That is the coefficients *ggk are Christoffel symbols constructed from a; (x, y) with respect to y .
Differetiating (2.2)(b) by y* and using (2.2)(a), we get

m-—2
L(m-1)

: 2
ey =1

Thus (4.2), (4.3) and (2.5) give the relation

i m-—2

gl =gl 40T h (44
g]k g]k L(I’Il—l) jk ( )

Thus the vertical connection *ggk is determined uniquely from L.

Secondly we shall find *Fjik in terms of Fjik which are uniquely obtained from metric function L

by the axioms quoted in theorem (3.4).
Let D)y = Fj —Fj
where Fj is given by (3.2).
Since Fjik - Fli(j = 83 S, -8, S i» therefore axiom (Fy) gives
L —Dj, =8P —8 P.(4.5)
jk kj ik k*j
where P;=p;- S,
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From the axioms (F;) and (C;), it follows that
ok = N1 -N,.

Since g = by g, we have ay = %bk a;, equation (2.2)(b) leads to a;x = by a; with respect to the

connection Fjik given in theorem (3.4).

By Virtue of ajj« = 0 and ajj = by a;;, we may write

0, a;; Doy + Dy + D =bya;;(4.6)

where Dy = a; Dj . Applying Christoffel process to (4.6) and using (4.3) and (4.5), we get

1 m-—2
D, + Doy +83.D i Doril+ ——————[L:(Dy —Dgyi) (4.7
ik T l[gg ork ng ori — 8ki orj] ZL(m_l)[l( 0ik ij)( )
+lk(D0ji_DOij)+lj(D0ki D) — L( )(Z lj D00k+lj L Dooi =l /; DOOj)
Contraction of (4.7) by y' yields,
m-—2 m-—2

1
Dyji +Eg§kD0ro - (Dojk =Doyj) (4-8)

0L 1Dy + ———
Cm-1)" " 2(m-1)

m—

2
+m[lj(D0k0 —Dgok) + i (Dgjo + Doy ;)]

1

Contraction of (4.8) by y* and use of (2.3) (a) yields

(2m-3) D (m-2)

0j0 = 1; Do + La Py —L’P; — b, La; +1b L? =0.(4.9)
m-—1 L(m-1)"

Further contraction of above equation by y' gives Dggo = %bOL2 hence (4.9) reduces to

M3y =12P —Lap,+ M=y Ll;+b, La; —lb L*.(4.10)
m-1 ! . . 2(m-1)

Putting the value of Dy, from (4.10) in (4.8), we get
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L2 m-—2 m-—2 m-1 _»,
Dyy +—P. gt +————(Dyy —Dgpi) + [, LP 4.11
0jk m—3 rg_]k 2(m_1)( 0jk ij) 2L( _1)[ { k( )
m-—1 m—1

L, P,-D +1
—3 ko 00k} k{2m_3

2 m-—1

1 (m-2)
- g b 1? —2llb+lbleL——bLa+ba -b.La,).
2(2m_3)gjk r 4(2m )( k0 Tk ) ( 0 j K)

Contraction of (4.11) with y' leads to

1 ) m-2
Dy ==[b,L" — b,L!/
00k 2[ k 3 K]
Thus (4.11) reduces to
3m—4 m-—2 L2 . m-—

T Dy ———= Dy +————P
2m-1) % 2m-1) M 2m-3

1 o, 1.m=2

Y
(m-2)'L [by /i ~b: /] (bLa—bLa)
Consequently (4.7) yields
D., = L [ h1p. t— L pg -1 1p
ijk (m—l)(2m— ) gu grk g]k gn gkl grj 1 Oguk (2111—3) r
r r 1 r m-— m-2
[8ij lk + 8k Zi]+ELljgikPr m 31 I P; maiklj Py
Y (ml)é) PP, - Pi—%[zi IP, +11,P;]
m m-— m-
1 m-—2 b L r _h r _h
b ol ol ol
2(m_1) Ogljk Z(m 1)(2m 3)[2 (glj grk ng 8 ~ 8ik gg)
3m-5
-b Lz(gulk +g]k 1kl )_E 2_3;]3 L(gl_]lk +g]k i~ 8 1kl )]

1 s o N he  (7m?—20m+ 14,
_ b 12(gh oh 4ot ol _of oh
2(11’1 . 1)(2m . 3) h (gu 8rk g]k & ~ 8ik gg) ( 1) (2m 3)
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(m —2)

_bL

(lkgierrligEk_ljgirk)—

(3m 5) (m—-2) { 1, )
by +1.Lb. - b)]- - 1b L
(2 )( k jk i ik J)] 2L(1’1’1—1) 2m_3glk jor
(m-2) (m-2)
(2m 3)lllj lkb0+b01jaik +2 2( )[( lbk +Zj lkbi—lilkbj)
3(m-2)
_(2m—3)bOLl LI +— (bka +b; ajk bjaik).

This equation determines the value of *Fjik in terms of Fjik and consequently *Ng in terms of Ng»
5. Semi-symmetric h-recurrent Wagner connection with m™-root metric

We shall find the semi-symmetric h-recurrent Wagner connection WT of a Finsler space F" with m™-root

metric. Since gijk is immediately given (2.2)(c) and (2.9)(c), we shall only deal with Fi ik and N

On account of axioms (C,), (C;) and (C'4) the quantities Fjik , Ng» are determined by three conditions
@  ag=bay b)  Ni=y"F; (5.1)

It follows from (2.3)(d) that (5.1)(a) is written as

(m—2)

Oy ajj— (a;; —a;a, )Ny —a; Fy —a; Fy =by a;.(5.2)

Let us apply Christoffel process to (5.2). If we put
26 =0k a;+0;a, —0; .

Then in view of (5.1) (¢), we have

2

m —
aerlzi = fijk _T(aijr IJ r)Nk L (ajkr 'k ar)I\Iir (53)
m-—2 :

Contraction of (5.3) by y* and use of (5.1) (b) gives
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m-—2 m-2
a;N;j =1fj _T(aijr —a;a, )N’ _T(ajr —a;a,)N; (5.4)

m—

+ 2(air_ai a, )N +La;S; —a; (boa +b;La;~b;La;)

where we have put 2N' = yka( . Further contraction of (5.4) by y' and use of (2.3)(b) and (2.3)(c) gives

1
2(m-1)a; N" =fy;, +2(m-2)a,N"a; + L’S; —~La;S, - byLa; +EbjL2 (5.5)
If we contract (5.5) by ¥, then (2.3)(a) leads to
2La,N" = fy, ——b0 L .(5.6)
Hence (5.5) can be written as
r m-2 2 1 2
Z(m_l)aJrN = ijO +Tf000 aj +L Sj _LajSO _E(mboLaJ _b_]L ) . (57)
On the other hand transvecting (5.4) by ¥, we get from (2.3)(b) and (2.3)(c)

La N! =f,, —%bi L2.(5.8)

. . . . k
We substitute (5.6), (5.7) and (5.8) in (5.4) using the notation ajj defined by (2.4), we get (5.4) of the

following form

m m-—2 m-—2 m-—2
—a. NI — a N =f, ——— = y— = f
7 jrei 2 ir-j 1j0 2L(m 1) OrO 1] 2( _1) 2 000 1J

(5.9)

(m-2)L ., m
( 00— fjo0a;) - m ij r_maijSO+LaiSj
—Maf‘br—E{Lboa +abL- abL}
4(m-1) " 4| m-1

Let us sum (5.9), the equation obtained from it by multiplying

and interchanging i and j. Then we
final obtain
2(m-1) m

ir _fuo T 2 fio+— 2 fooo i~ ( 1008~ 00 +f0roajl)

m-—2 m-— (5.10)
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m

1

m
If we define
Aijk (X, y) = (ﬁk aijk3 ....... km + Gi ajkk3 ....... k al alkk3 ....... k )yk3 ...... ykm N

then we have

m_

2
-2
21" fij = Ak — 2 (3 Akoo + 2 Ajoo —axi Ajop)

Therefore equation (5.10) may be written as

2Am-1) 1

oo Jir jzm{(m_z)Aijo"'mAjio} (5.11)

1 m
mL 1 m
+ 2 ajSi _ELairjbr _2(m—_2)(b0 aij +aibjL—ajbiL) .

Also equation (5.7) may be written as

r 1 m-—2

2Lm—2

1
Aj00)+LZSj—LajSO—E(mbOLaj—bjLz). (5.12)

Summarizing the above results we have the following

PNl i
Theorem (5.1). The coefficients (Fji, Ni> 23%) of the semi-symmetric h-recurrent Wagner

connection with mth-root metric are given (5.5), (5.10) or (5.11) and (2.2)(c) respectively where

N' = %Nlr y" is given (5.7) or (5.12).
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