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Abstract

The purpose of the present paper is to find the necessary condition under which a conformal exponential
change becomes a projective change. We have also found the conditions under which conformal
exponential change of Douglas space becomes a Douglas space.
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1. Introduction

Let F" =(M",L) be a Finster space equipped with the fundamental function L (X, y) on the smooth
manifold M" . Let 3 =b;(x) yi be one-form of the manifold M" , then L —> LeP™ | T =¢°L is called

. . : or* T ABL *n n p*
conformal exponential change of Finster metric. If we write L — Le™ ™~ and F" =(M",L ), then the

Finsler space F" is said to be obtained from F" by a conformal exponential change. The quantities

corresponding to F'" are denoted by putting star on those quantities.

2. Preliminaries

We shall denote the partial derivative with respect to x' and yi by O; and respectively and write

L, =0,L, L= 0;0,L, Lix = 0;0,0, L. Then hij = LL;; = angular metric tensor of F".

The geodesics of F" are given by the system of differential equations

2. _
d); +G1(X,d—xj=0
ds ds

where G (x,y) are positively homogenous of degree two in yi and are given by
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S 2
. 212
where g is the inverse of g 1L G'L -
2 dy'oy’

The well known Berwald connection GI' = (G;k, G}) of the Finsler space is constructed from the
quantity G appearing in the equation of geodesic and is given by Park and Lee (2001)
i _ A i A i

The Cartan’s connection is constructed from the metric function L by the following five axioms Park and
Lee (2001)

D) g =0, () gj=0 (i) jik = Flicj iv) Fp =G, ™ ng = Gikj
where ; and ¢ denote h- and v-covariant derivatives with respect to CI". The h-covariant derivatives of
L;,L;with respect to CI" are zero.

We shall denote

jli>
3. Conformal Exponential Change of Finsler Metric
The conformal exponential change of Finsler metric L is given by
L =Pt 3.1)
where B(x,y)=b;(x)y'.
We may put
G'=G' +D'". (3.2)
Then G? = G; +Dij and Gjll( = Gﬁk +D§k , where D;k = éng and D; = éj D'. The tensors D', Dj.
and D;k are positively homogeneous in yi of degree two, one and zero respectively.

*

To find D' we deal with equations Lijx =0 and L;;; =0 in F" and F'™ respectively (Mosmoto,

1974). i.c.,
(a) OxL;; —L;;G —L; Fy —L; Fy =0, (3.3)
(b) o, L - L*Ur G —LFy - L Ff =0.
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Since ;B =b;, 0,L =e°L, from (3.1), we have

(a) L = (1 —% e%ePT L, +ePT b, (3.4)
. B _ BZ 2c B c 1
(b) Ll] = (1 _f eceﬁ/L ]_{Jl + eB/L |: L L L iz 1b]j|
. B o _ BZ 20 BeZc
(C) aJLI = (l fj B/L (a )+ eB/L [{ L 1 Ez (aJL)
(o) 1 2 o
+{l3§2 Li—fbi}(ajg)+(ajbi)+{[1—%+%]e Li—%bi}cj}

2 20 3on2 T
(d) akL”f.:(1—%je°eﬁ/L(a Lj)+ B/LHBL Lij—e Br(B+3L) LL,

1 ES
+@(L )—“”L)bb }@L)

—Be°L.. 20

{ B; i e B(E4+2L)LL <B+LL>6 (Lib, +Lb)+_2 ”}(akﬁ)

+

+
pe®

— iz L.—

+
2 20 22(5
{BE‘Z L~ BE‘ }(8kL)+{BE3 L - Bf }(GkL)
1,
(ot

1
}(akb ) {Bﬁ’ fbi}(akbn

2 26 —
+{1—%+B jeGLij MLL (B+L)bib (B+4L)LL

r [’ L

+B(B%£(Lb +L;b; )}ck}

* p / | pre*
(e) Lijk:(l—i BLLuk+ pL = ——(LiLy +LLy +L,Ly)
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22 (B+3L)

Be B (Lib+Lycb; +L1kb)—B L,

206
—B(B+2L)e (LiLjby +L,Lb +L L )——(BJFLL)e

(Libby +L;biby +Lybb))+= bbbk}

From (3.2) and (3.3) (b), we have

0, Ly — Lij: (G + D}, ) — Ly (Fj + °Djy ) — L (F} + °Dj, ) =0

1_]1'
*1 i _cni

Substituting the values of akL Li;r and L*ijr from (3.4), using (3.3) (a) and contracting the result thus

1_]’

obtained by y , we get

i—jr 'y jor ri-j

2 20
2{(1—%)6’%#’35 (LiL; +LiL, +L,Ly)~ Be EE(Lyb, +L,b+Lb)) (3.5)

_B’(B+3L)e*
LS

B(B+2L)e20

LLL, + (LiLb, +L.Lb;+L.bb;)

—%(Lbb +Lbb, +L b))+ = ! bbb}

Be® B(B+2L)e*° (B+L)e° 1

2 2 T \a20 T
(BB e, BOD g, B2D,
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S(B+L
+W(Lb +Lb, )}oo -0,
L

where ‘0’ stands for contraction with y Viz. Tjy =Ty y =T yiyj and we have used the fact that

D y* =D, y* = D} (Mosmoto,1986)

Next, we deal with 0, L - LerJ ~L'E;" =0, then

rij

0;L; —~Li.(G} + DY)~ L (E} + °D}) =0 .-- (3.6)

Putting the wvalues of 8JL1, L and L*r from (3.4) in (3.6), using equation L*;j =

0;L; —L;G; - L,F; =0 and rearranging the terms, we get

bllJ:{(l_: eGLir+ LrLl—L?(Lb +Lb)+ bb D

L r

{BL_ez _I{bl}( 0+sj0)+[[1—%)eGLr+br}Dirj

which after using (2.2) gives

B BZeZG BZec .

B BZGZG BZ c 1 .
+{(1—f eGLjr"'LTLrLJ L (Lb +Lb )+fb_]br Di

Be® 1 Be® 1
+{ 2 Li_fbi (Tjo +Sj0) + 2 Lj_fbj (o +5;0)

and
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B 2e° 1
2Sij= (l_fjecLir+ iz LrLi_ iz (Libr+Lrbi)+fbibr D§ (3.8)

=
S}
(@]
&)
[e]
=

B - BZ 2c BzeG 1

1

Subtracting (3.7) from (3.5) and contracting the resulting equation by yi , we obtain

p P | B .
2{—(1—f eGLjr_TLrLj-i_L?(ijr+Lrbj)_fbjbr D (3.9

(e}

Contracting (3.9) by yi , we get

)e"Lr+br}Dj—(i—B)csj.

==

2(L-P)e°L,D" +2Lb,D" = Lx, +%E(E—B) oy - (3.10)

Subtracting (3.8) from (3.5) and contracting the resulting equation by yj , we get

B] or B Be” ! ,
1-=|e°L. + LL - Lb +Lb)+=bb, [D 3.11
|:( L ¢ L Eg i~r iz ( i°r r 1) L i“r ] ( )
1 Bt L(,_B_ B| o _B I -
_SiO +E(fbi—L—2Li]r00 +5|:(1—E+L—2 € Li_fbi GO_E(L_B)Gi'

Inview of LL,. =g, —L.L_, the equation (3.1) can be written as

171>

L-B 26 . | (B*+BL-T")e*  Be° ;

1 Be® ' 11 Be®
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1 2 . 1 —
+5H1—%+%Je Li—%bi:lco—E(L—B)Gi.

Contracting (3.12) by b' = gijb j» we get
—2Ltb, D" +2Be’tL D" = 20", + L(bL* —B*e* )1y, (3.13)
+BLIT* (e*° —b*)—Be** (L—P)lo, —L'(L-P)o,
where  t=B(B+L)e?® —[*(c*° +b?), s, =s,b" and 6,b' =G, .

The equation (3.10) and (3.13) constitute the system of algebraic equations in LrDr and D' whose
soluation is given by

Ler — 1 . (3.14)
2te®
and
ppr=—L-PA 1 L=Pog (3.15)
2Lt 2 4
where A= 2E3So - GZGE(E —B)roo —Es(i —Boy,

+BIE 7 6% - pe (L - )0 + 5 (L -P)oy.

Contracting (3.12) by gij and putting the values of b,D" and L D" from (3.14) and (3.15) respectively,
we get

Di_(f—ZB)A i) e LA b e . LG

2ft(f—[3)y 2t(L—B) +(E—B)SO_ 2 (3.16)

T2 aT L a2yl 72,7 2011
er{@L BL+B")y —L(L+B)e b’ }oy,

) i
where /' = L.

Proposition (3.1). The difference tensor D'=G -G of exponential change of Finsler metric is given
by (3.16).

4. Projective Change of Finsler Metric
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The Finsler space F " is said to be projective to Finsler spece F" if every geodesic of F" is transformed

to a geodesic of F™. It is well known that the change L — L’ is projective if Gl=G +P(x,y) yi,

where P(x, y) is a homogeneous scalar function of degree one in yi , called projective factor (Matsumoto,
1992).

Thus from (3.2) it follows that L — L is projective if D' = Pyi. Now we consider that the conformal
exponential change L — L =L is projective.

Then from equation (3.16), we have

i (C-2P)A .\ e LA oy e°L’sy ¢°L’c’

- = y _ — 4.1)
2L@T-P)°  20C-P)  (@C-p 2
1 2 AT L @2ved 2T 201
+—— {2 -BL+ —L(L+B)e " b'}o, .
4L(L—B){ BL+B7)y L' (L+p)e b’} a5,
Contracting (4.1) by y; (= gijyj) and using the fact that Sioyi =0 and yiyi =1’ , we get
P=—L A (42)
2Lt '
Putting the value of P from (4.2) in (4.1), we get
4 26T A o 2[2 1 2072 i
_ BiA y = e _LA big S L'sy ¢e"L'o 43)
ni-p’ ai-p’ @-p 2
1 T2 AT L a2vei T2 20y
+—{2L°-pBL + -L*(L+P)e b .
4L(L—[3){( BL+P%)y (L+B) § 0o
Theorem (4.1). The conformal exponential change of a Finsler space is projective if the condition (4.3)
hold and the projective factor P is given by P = 2?‘[

5. Conformal Exponential Change of Douglas Space

The Finsler space F" is called a Douglas space if and only if Giyj —Gjyi is homogeneous polynomial
of degree three in yi (Park and Lee, 2001). We shall write hp(r) are the homogeneous polynomial in yi
of degree r.

If we write BY = Diyj - Djyi then from (3.16), we get

—2 T 20_2 072

€
2t(L B)(bY] }’1) (SoyJ o)’l)_

©Y-9Y) s
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If a Douglas space is transformed to the Douglas space by a conformal exponential change (3.1), then BY
must be hp (Motsumoto, 1996) and vice-versa.

Theorem (5.1) The conformal exponential change of Douglas space is a Douglas space iff BV given by
(5.1) is hp (Motsumoto, 1996).
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