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Abstract

Modified Weibull distribution introduced by A.M. Sarhan in 2009. Exponential, Weibull and Linear
Exponential distribution is particular case of Modified Weibull Distribution. In this paper, we discuss
some properties of moments.
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1-Introduction

In many life-testing and reliability experiments, the experimenter might not get the failure
times for all experimental units. For example, the study may have to be terminated due to
lack of funds, or individuals leaves a clinical trial due to some other reasons, or In an
industrial experiment, units may break accidentally and we are don’t want to expose more
unit for long time due to high cost or other reasons. Some time we remove the units as in pre
planned way. Our main objective is to save time and cost of the experiment. Data obtained
from such experiments are called censored data. In this paper we deal with general scheme of
progressively Type-II right censoring scheme. In this scheme n units are placed on an
experiment and observe m (<n) failure. At the time of the first failure, R; of the remaining n-
1 surviving units are randomly withdrawn from the experiment, R, of the, n —2 — R,
surviving units are randomly withdrawn from the experiment, and so on. Finally at the last
time m-th failure all the remaining, n — m — R; .... —R,,, surviving units are withdrawn.
If, R, =0,R, =0,..R,, we get the conventional type-Il right censoring scheme.
Balakrishnan and Aggarwala (2000) provide a good look on theory, methods and applications
of progressive censoring.

In analyzing lifetime data one often uses the exponential, Rayleigh, linear failure rate,
Weibull or Generalized Exponential Distribution. These distributions have several desirable
properties and nice physical interpretations which enable them to be used frequently, for
more details we may refer to Bain (1974), Barlow and Proschan (1981), Lawless (2003), Lin
et al., 2006, Miller (1981), Gupta and Kundu (2002) Gupta and Kundu (2001), Shahan and
Zaindin (2008). If the failure times are based on an absolutely continuous distribution
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function F with probability density function f, the joint probability density function of the
progressively censored failure times X1.;m.n, X2.mns -0 Xmemen 18 given by

m

R

fXR1 X xhn (%, X, 0 X, ) = Aporor, I If('xi)[l_F('xi)] B
man i:l

Lmen >% 2omen >0

—0< X <X, <...<X, <O 1.1
where f(.)and F(.) are probability density function and cumulative function of the random
sample, and

Ay s, =n(—R—1—R~R,~2)..(1—R ~R,..—R,,~m+1)

Ardi,Rp--,Rm :A’il}m ’

We discuss some properties in second section. In third section, we find out the recurrence
relation of simple and product moments. In fourth section we compare the results in different
particular conditions.

2- The Modified Weibull Distribution

The cumulative distribution function of Modified Weibull Distribution is given by

F(x;a,ﬂ,y):l—e’(‘”*ﬂxy) a>0,>0,y>0 @.1)

and probability density function of MWD is given by

foa,B,7)=(a+ pix e ) a>0,8>0,7>0 2.2)
f(x;a,ﬂ,}/)=(0{+ﬁﬂ,x7_l)(l—F(x;a,ﬁ,7/)) (23)
Moment £4, of MWD is defined as,
= E(X")

0

= [ f(x:a B.y)dx

0

x*(a+ Byx" e D dx

S —y 8

Case .If ¢ >0,8>0, f41s given by

P Gk [Iknm | Pk Gy

par l' ak+i;/ ak+(i+l);/

Case II. For a =0, >0, we have

He =%
P
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Case III. If g=0and a >0, then

k+1
He ==
lo4

Parameter estimation under type Il progressive censoring

Joint probability distribution under progressively censored sample given by

fR R R, (x 3 Xy eeen X )
X X o X, 1272, m

m

m R
= d [T @+ pra e s T [eer |
i=1 i i=1 (24)
m =Y (R+1)(@x+Bx])
= An:fi . H (a + ﬂ}/xiy_l)e i=1
i=1
Log likelihood function of equation (2.4) given by

ln(fxllfy xf  xRw (%), X5 05 X,,))

m-1

=ln4d +i In((e +,Byxf’l))—i (R, +D(ax,+ Bx])

Differentiating with respectto o, #, we get,

0 ln(fX][:ZJI:n’XZ[frzrx:n"“’X:f:’gt:n (xl 2 X200 X )) — N 1 _ i (R + 1)x
oa o (a+ ﬂ7xf7_l) i l
Ot tpponts, S0t 0 g g
op o (a+ ﬂ7xiy71) = L

O rtty, Gt ®)) 8 7 ) ) 5 p gy
oy i1 (a+ ﬁyxl-y_l) i=1 l l l

Solving the three equations, we can find estimate &, ﬁ, V.

3-Recurrence relations of moments

Single Moments- Let X X&° . X% beaprogressively type two right censored order

statistics with censoring scheme (R, R,,...,R ) from the modified Weibull distribution, the
single moments of the progressively type Il censoring can be written as,

(Ry.RyenBy ) E[ X FioRoreso >‘“]

ﬂi:m:ﬂ - iim:n

plflet =g [ F@I =P f ()~ ()] d,..dx,

0<x; <...<x,, <0
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Case I- For2<m<n,k>0 , relation between moments are given by,

ke my® _ a(n- R+1) goger g e n bg(n- R+1) (igei.z,) o
m:n

k+ 1 :m- lin k+ g m- L:n
n a(R+1) (R sRy) Dy bg(R +1) (R Ry ,...R, ) *"®
k+ 1 m:n k+ g m:n

Case II- For 2<i<m—1,m <n andk >0, relation between moments are given by,

ko) _ k+ (k) a ) (k+1)
P ey o L0 R Ry R et

. R + R+ 1R, ) KD RiRyeoRy ) FHD
- (n- R- Ry.m R - it 1)’"7( o 1n1 ) + (R + 1)’"1(mln2 : I

k+g)
) (R1+1){[(”' Ry~ Ryeom R~ Doyt o) 8

. RyvonRi 1+ RA1R, KT E)
- (n- R- Ry..m- R - l+l)m7( o 1n1 ) 1}

Case IIl — For 2 <m < n and k >0, relation between moments are given by,

T R e
L T A RV T
_(Rm—+1)[(n_R1_R2'" R —maT)pfestn Ry 4R, +1)kF)
Proof:- Case I- £” moment in progressive censoring is given by
pi = A 1100 F @)= F))® o f (o)1= F(2,)]™ d, .di, 3.1

where 7(x,) = [ x[1=F(x)]" f (x)dx,
0
Use the result  f(x;a, B,7)=(a+Brx’"Y1—F(x;a, f,y)) inabove equation, we get

= 1) =[xt @+ B - Fe )™ d

= a [ xf[1=F(x)]"" dx, + ﬂyj xbx = F(x)]" dx,
0

Using integration by parts, we get.
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I(xp) =

k+y

+ ﬁ7[

Put the value in eq. (3.1) we get,

_a[_xé‘ [1-F(x )]Rl“]+az]Z ai
k+1 ? o k+

1 F(x)*"]

k+1

[(R+DI-F (e)I" f(x)dx,

X2

X (R A+ D= F ()" f(x,)dx,

0
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R Ry R, E) k+y Ry Ry iRy ) ) a Ry+Ry+1,..,R,, ) ¥
= w0 = m[ﬂﬁm‘m ) —m{(n = R+ Dy, it
1
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1 Lim:n Im-1ln

(R +1)

Case II-

(R,Ry ..., R,
Hin ™ An:E,,,,l ”

0<x; <...<x, <0

where I(x,) = j " xE £ (xe)[1= F(x)] dx,

106) =[xt (e o D= FOo)) =~

Use above result in eq. (3.2), we get,

(R Ry R, ) )

Hipy
A- a

= ;{[:'_'1 J.J"o<‘\<‘J"<M<m

S @)= F @) [ = F(x, )1

Az
+ R, \ﬂ}/

A+y1 F(x Y —
Kty 0-F(x )"

. [ ren-rer.

= a(R +1)

e I

0<x; <..<x,, <0

f SOOI =FE)1* I () f (3,1 = F(x,)]™ dx,...dx,

(3.2)

= F O )15 = x5 = F ()]
+1

o BT Pl = T P )]
a(R +1) pxia L
ST R L G R CATES
ﬁ]/(R +1)J' i+l k+;/ 1 F(X )] f(x )dx
y+k

=X = F (e )1 f (e, = F (x, )] dx,.odx, dx,,, . dx,,

3T F O ) e o~ ) di, .,

X Q)= Fe)] o f (1= F(x,)]™ d, . dx,,
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X F = FO) o f (e 1= F(x, )™ dx, ..dx,,

k + v 0<x; <..<X,, <00
(R,,R,,..., R, )E)
:> lLlI:leI ’
a (k+1)
_ . (R, ,..., R, + R, i +1,..., R, )
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)(A+yl
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k + vy
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-(n - R, = R,...— R, — i+ 1)u;7 . ]

" [21 (Rl.-i- 1) (Ry Ryt sR,y )RHD)
k + 1 itm :n
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+ k + 7/ itm :n

(Ry Ry oo Ry ) EHD)
= lut':m]:n ’

k + V4 (k) a (k1)
_ (R, Ry inR)y) N (Ry R+ R 41, 0R,)
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. (Ryseis Ry + Ry 41,0, R, ) D) (R, Ry 5ot R, ) FHD

_(n_Rl _R2"'_Ri71 _l+1)luifllszlznl +(Ri+1)luizmlzn ]}

1 + + k+y
SR L R m Ry m Ry = gt

i

—(n - Rl _ Rz...— Ri—l i+ l)lu(R,,...,R‘,]+R‘+l,...,Rm )‘“”]}

i—lim—1:n
Similarly we can prove the third case.
4-Product moment

For any continuous distribution, we can write the (r,s)th product moment of the progressively
type II right censored order statistics form (1.1) as follows

Case-1 For 1<r<s<m-1l,s—r>2,m<nand i, j > (O relation between product moments

are given by

lur,x:m:n - 7SN r,sim=ln

PAR +1)

vnR 5 R AR A, R D (R,Ry..... Yt
_(n_Rl _RZ"'_RS _S+l)/u£,1j—lzrfilzzn&1+&+ o +(Rs +1)/ur,1§:m:f1 & ]}

(BB RN JVY RO [( ReoR 1 RR g1 R
——|[(n—R —R,..—R —s)
l0-R-ReR

1 R+, R YO
_m[(n_Rl _RZ"'_RS _S)ﬂffl;n_’f;, R, 1+,...R,)

(12/47)
(=R =R R =D )

Case 2- For 1<r<s<m-l,s—r>2,m<nandi, j >0 relation between product moments

are given by
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(R ,Ry o Ry )70

;ur,s:m:n
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_(n - Rl - RZ - erl —-r+ l)lurfi,s:mfltzn 1 ]

Case 3-For 2<r<m-1l,m<nand i, j=>0

(R Ry R ) )

ﬂr,r+1:m:n
i+7 (R,Ry ... R, ) a (RiveaRy R AR+, R 5D
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Case4-For1<r<m-2,m<nand i, j=0
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Case 5-For 2<m <n,and i, j >0
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Proof Case I-

/u(& Ry R
r.sontn

S | I B jxff(x)[l —F )T ds )= Fe)F. (3.3)

0= <.y <Xy <, <00

SO I=FO )T SO )= F O )T f O, L= F )T .oy,
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+7 e
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Put these values in eq. 3.3, we get,

(R ,Ry ... R,, )

:> ﬂr,s m:n
- (R R, R +R, +1,..., R, D
:ﬁ[(n—Rl_Rz...—RS—S)ILlr’Slm 1n1 .

(Ry»nR 5 R 4R+, R, )T
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+M (Rl’Rza---»Rm)“'j*l)

j+1 r,smmin
_ ﬁy R R R (R s Ry_ |\ R +R +1,..,R,, Yiss )
+= ity [(n—R —R,..—R —s), ">

(RysosRy 5 R +R +1, R, )T
_(n_Rl_Rz..._RS_S+1)/’lrsllmlzn l ]
+M (R Ry oo R,) T

/ r,simin
j+A
R,RyR )T
= I”S'Wlil

S A U S S (BB RHR s,
—|N—K — L. — X —S
ﬂﬂ)(R +1){/llrvmn +1[( RI Rz Ry ),Ll, sm—ln

1yeees /-7t Ry i+
R R A
gt (i/+7)
(=R =Ryu..= R =s)pd

(R +1)
—(l’l—R| _RZ"-_RX,I —S+1) 1151 lmRilan: J+R+L..R, )<lf+y>]

Similarly we can prove other result.
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Conclusion

Liner failure rate distribution, exponential distribution, Rayleigh distribution and

Weibull distribution are the particular case of Modified Weibull distribution. These
distributions are very useful in survival analysis. Moments and product moments are required
in different situations. In many real life situations progressive censored data have obtained.
Recurrence relation of moment and product moment are useful. Hence we can obtain the
recurrence relation for these distributions as particular cases.
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