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Abstract
Cartan (1926, 1927) and Helgasan (1962) discussed the existence of symmetric spaces in a

Riemannian space. Certain symmetric Finsler spaces and it's properties have been discussed
by Tiwari and Srivastava (2001). The object of present paper is to extend the concept of
symmetric space for R © — symmetric Finsler space admitting non-symmetric connections.
Some properties of such a space have been investigated.

1. Introduction
Consider an n-dimensional Finsler space F,, (Rund,1959), having 2n-line elements (xi,a'ci)
equipped with a non-symmetric connection 1"]1‘( * 1]1‘( based on non-symmetric metre tensor

gij # gij. Here we assume that F]-ik(x, X)is homogeneous of degree zero in it's directional

arguements X''s.
Nitescu [3] defined non-symmetric connection 1]11< as follows:

i i . R .
T =M/k(x,x)+5Njk(x,x) (1

where Mjik and N]-ik denote symmetric and skew symmetric parts of 1"]]‘( respectively.

Let us introduce another connection IA]]‘( (x, %) defined as below:

i . i 1 i
rjk(x:x) = Mjk __Njka [6]

2 (1.2)
From (1.1) and (1.2) it is easily seen that

[ (%) = Ty (x, %) (1.3)

Here, we define covariant derivative of any contravariant vector Xi (x,%) in two
distinct ways as follows : (Catalina,1983-86), (Pandey and Gupta,1979)

i _ i i.‘m-k ki
X =0,x ~d.x IC; <"+ X', (1.4)
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X‘ =0,X - d x Ir s + X'
j (1.5)

where

8.=i and 0, = 6
o’ vy .

But, on account of (1.3), the equation (1.4) and (1.5) may be re-written as :

' =0,X - dx’ me'” +X"F’

\ J

X’ _aX’ dX’IF i+ X

The covariant differentiations defined in (1.4) and (1.5) may be called " © — covariant
derivative" of tensor Xi (x,x) with respect to Xj and " @ -covariant derivative of Xi
(x, x) with respect to X respectively.
The commutation formulae involving © -covariant derivative and @ -covariant
derivative for a vector X are given by (Pandey and Gupta, 1979)
X -x =—@Axigr+x®, +x N,
| ik | ki m (1.6)
x —x ——@Q xR +xR, +x NI
| hk | kh | m (1.7)

where I?L-h]- x and R{ljk are curvature tensors defined as : (Pandey and Gupta, 1979)

R} = ar” ar"+dmr; d,nrjlr;,tx‘+rpr"—rpr" (18)
R, =0, -0+ dr; d,nrjlrskx‘+r;rjk—rpr" (1.9)

2. R-© Symmetric Finsler Space
Definition (2.1): A Finsler space in which the curvature tensor satisfies the relation

R =0,
hik|s (2.1)

is called R-© symmetric Finsler space.

Definition (2.2): An n-dimensional Finsler space F,, is said to be R-© recurrent Finsler
space if it's curvature tensor R} jk satisfies the relation

Ri_ ZBRI

s hjk

hik|s (2.2)

where [4(x) is a non-zero covariant recurrence vector field. We shall denote such a space by
E,; throughout the paper.

We shall extensively use the following identities and notations in the sequal:

Rl

(a) h/k R;lkj (b) h/k ki 2.3)
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R def R, R def R,
(a) hji ;f hj (b) hji =.f hj (24)
~ WY, i - h pi
@ R, d;f X'thk ) R d;f X" Ry 2.5)
R def "R R def "R}
@ L @ L (2.6)
Njp==Ny =T, =T} (2.7)
X o=x =0.
|k lk (2.8)
From (1.1) and (1.2), we have
I, -T,=-N,. (2.9)
Now contracting (2.1), we get
Ry =0 (2.10)
In view of (2.4), the above equation takes the form
R _ =0.
hils (2.11)

From above, we may establish the following theorem
Theorem (2.1): Every R-& symmetric Finsler space is Ricci-symmetric Finsler space.

Multiplying (2.1) successively by %" and %/, we shall have
@'l -0 Al ~o

where, we have used the relation (2.8).

(2.12)

Contracting equation (2.12) for the indices i and k and using (2.4), we get
d”jx}l Ii\s =0 and

Thus, we have following theorem:

.h.]‘- _
X X |TS—0

(2.13)

Theorem (2.2): In a R-© symmetric Finsler space, the relation (2.13) holds.

Theorem (2.3): In a R-© symmetric Finsler space with metrical connection

=0
kil holds, (2.14)
where
R, def §" Ry (2.15)
Proof : Multiplying (2.1) by ghj , we get
gh./' H ) k 0
vk|! (2.16)

Since the non-symmetric connection [y is metrical i.e.,
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Wo_
g¥ =0
Ik (2.17)

From (2.16) and (2.17), the result follows:
3. Decomposition in a R-© Symmetric Finsler Space
We consider the decomposition of curvature tensor field R}kh of recurrent Finsler space Fj, in
the following form:

Ri = X%>  (Pandey and Gupta, 1979) 3.1

where X Jl (x, %) and ¢, (x, x) are two non-zero tensor fields such that

X, =a, (3.2)

3 is a non-zero vector field and is called a decomposed vector field.

Here X j‘ and ¢, are homogeneous of degree zero in it's directional arguments x*.

©-covariant derivative of (3.1) with respect to x™™ gives

Xl:— ¢kh+X;¢ - ZRI: -
Jll k|1 Jkh |1 (3.3)

From (2.1) and (3.3), we get

Xl O +X,l¢ - =0
jll kh|1 (3.4)

Now if decomposed tensor field X ]-i is R-O recurrent, then

Xl = Bl‘XJI
u (3.5
In view of (3.5), (3.4) may be expressed as

P+ X0, =0 (3.6)

Transvecting (3.6) by f5; and using (3.2), we get

a; Lﬂh—” +B,du éo

Interchanging k and h in (3.7), we get

~

(3.7)

a; Lﬂkh +B,0y, éO

Adding (3.7) and (3.8) and using the relation a;¢ ) = 0, we get

(3.8)

6y, - =0
““bg (3.9)

where
¢bhg: Gpp + Ot

Since a is non-zero vector field, therefore (3.9) reduces to
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¢, - =0
b.g (3.10)
Thus, we have the following

Theorem (3.1): In a R-© symmetric Finsler space, the tensor field ¢, satisfies the identity
(3.10) if the tensor field X ji is R-8 recurrent.

©-covariant derivative of (3.4) is given by

X ¢ou+X 0  +X_ ¢ +Xo =0

Jlim Jll kh|m Jlm  kh|l kh'|Im (311)
If X ]-i (x — x) be ©-covariantly invariant, then
X =0

i ) (3.12)
Hence, from (3.11) and (3.12), we get
Xeo = =0

j(pkh\lm (3.13)

Commuting the indices | and m in the equation (3.12), we obtain
X Fv[ Lo, ko
h | Im kh| ml .

Since X j‘ be a non-zero tensor field, therefore, we must have

o =0
i [im] (3.15)

Thus, we have

(3.14)

Theorem (3.2): In a R-& symmetric Finsler space, the tensor field satisfies the identity
(3.15) if the tensor field X ]-i is ©-covariantly invariant.
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