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Abstract 
Cartan (1926, 1927) and Helgasan (1962) discussed the existence of symmetric spaces in a 
Riemannian space. Certain symmetric Finsler spaces and it's properties have been discussed 
by Tiwari and Srivastava (2001). The object of present paper is to extend the concept of 
symmetric space for 𝑅 ⊝ − symmetric Finsler space admitting non-symmetric connections. 
Some properties of such a space have been investigated. 

1. Introduction 

Consider an n-dimensional Finsler space Fn (Rund,1959), having 2n-line elements ൫𝑥௜, 𝑥̇௜൯ 

equipped with a non-symmetric connection 𝛤୨୩
୧ ≠ 𝛤୨୩

୧  based on non-symmetric metre tensor 

g୧୨ ≠ g୧୨ . Here we assume that Γ୨୩
୧ (x, ẋ)is homogeneous of degree zero in it's directional 

arguements ẋ୧'s. 

 Nitescu [3] defined non-symmetric connection 𝛤୨୩
୧  as follows:  

jk
i

jk
i

jk
iM x x N x x ( , ) ( , )

1

2   ,     (1.1)  

where 𝑀୨୩
୧  and 𝑁୨୩

୧   denote symmetric and skew symmetric parts of  𝛤୨୩
୧  respectively. 

 Let us introduce another connection 𝛤෠୨୩
୧ (𝑥, 𝑥̇) defined as below:  
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      (1.2)  

 From (1.1) and (1.2) it is easily seen that  

 ( , ) ( , ) jk
i

kj
ix x x x        (1.3)  

 Here, we define covariant derivative of any contravariant vector Xi (𝑥, 𝑥̇) in two 
distinct ways as follows : (Catalina,1983-86), (Pandey and Gupta,1979) 
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 where  







j j j jx

and
x

 
 . 

 But, on account of (1.3), the equation (1.4) and (1.5) may be re-written as :  

 
X X X x X

j

i
j

i
m

i
jk
m m k

jk
i

|

     d i 
 

X X X x X
j

i
j

i
m

i
jk
m k k

jk
i

|

   
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. 

The covariant differentiations defined in (1.4) and (1.5) may be called " ⊝ − covariant 

derivative" of tensor Xi (𝑥, 𝑥̇) with respect to xj and " ⨁ -covariant derivative of Xi 

(𝑥, 𝑥̇) with respect to xj respectively. 

 The commutation formulae involving ⊝ -covariant derivative and ⨁ -covariant 

derivative for a vector Xi are given by (Pandey and Gupta, 1979) 
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where  𝑅෠௜௝௞
௛  and 𝑅௜௝௞

௛  are curvature tensors defined as : (Pandey and Gupta, 1979) 
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2. R-⊖  Symmetric Finsler Space 

Definition (2.1): A Finsler space in which the curvature tensor satisfies the relation 

R
hjk s

i

|
,  0
         (2.1)  

is called R-⊖ symmetric Finsler space. 

Definition (2.2): An n-dimensional Finsler space Fn is said to be R-⊖ recurrent Finsler 

space if it's curvature tensor 𝑅௛௝௞
௜  satisfies the relation 

R R
hjk s

i
s hjk

i

|
,  
        (2.2)  

where 𝛽௦(x) is a non-zero covariant recurrence vector field. We shall denote such a space by 
𝐹௡

∗ throughout the paper. 

We shall extensively use the following identities and notations in the sequal: 

 (a) 
 R Rhjk
i

hkj
i    (b) 

R Rhjk
i

hkj
i     (2.3)  
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(a) 
 R def Rhji
i

hj   (b) 
R def Rhji

i
hj    (2.4)  

 (a) 
  R def x Rjk
i h

hjk
i

  (b) 
R def x Rjk

i h
hjk
i

   (2.5)  

 (a) 
  R def x Rj
i h

hj
i

  (b) 
R def x Rj

i h
hj
i

   (2.6)  

N Njk
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i     .       (2.7)  

  .
| |

x x
k

i

k

i
   0

        (2.8)  

 From (1.1) and (1.2), we have 

 . jk
i

jk
i

jk
iN           (2.9)  

 Now contracting (2.1), we get 

Rhji
i  0

         (2.10)  

 In view of (2.4), the above equation takes the form 

R
hj s|

.  0
         (2.11)  

 From above, we may establish the following theorem 

Theorem (2.1): Every R-⊖ symmetric Finsler space is Ricci-symmetric Finsler space. 

 Multiplying (2.1) successively by 𝑥̇௛ and 𝑥̇௝, we shall have 

R xhjk
i h

s


|
d i  0

 and 
R x xhjk

i h j

s
 

|
d i  0

      (2.12) 

 where, we have used the relation (2.8). 

 Contracting equation (2.12) for the indices i and k and using (2.4), we get 

R xhj
h

s


|
d i  0

 and 
R x xhj

h j

s
 

|
d i  0

      (2.13)  

 Thus, we have following theorem:  

Theorem (2.2): In a R-⊖ symmetric Finsler space, the relation (2.13) holds.  

Theorem (2.3): In a R-⊖ symmetric Finsler space with metrical connection 

R
k l

i

|
  0

 holds,       (2.14) 

 where 

R def g Rk
i hj

hjk
i

        (2.15)  

 Proof : Multiplying (2.1) by ghj, we get 

g Rhj

hjk l

i

|


FH IK 0
        (2.16)  

 Since the non-symmetric connection Γ୨୩
୧  is metrical i.e., 
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g
k

hj

|
  0

         (2.17)  

 From (2.16) and (2.17), the result follows: 

3. Decomposition in a R-⊖ Symmetric Finsler Space 

We consider the decomposition of curvature tensor field R୨୩୦
୧  of recurrent Finsler space F୬

∗  in 

the following form:  

 
R Xjkh

i
j
i

kh  ,
 (Pandey and Gupta, 1979)     (3.1) 

 where   𝑋௝
௜(𝑥, 𝑥̇) and 𝜙௞௛(𝑥, 𝑥̇) are two non-zero tensor fields such that 

X aj
i

i j 
         (3.2)  

 aj is a non-zero vector field and is called a decomposed vector field. 

Here 𝑋௝
௜  and 𝜙௞௛ are homogeneous of degree zero in it's directional arguments 𝑥̇௜.  

 ⊖-covariant derivative of (3.1) with respect to xm gives 

X X R
j l

i
kh j

i

kh l jkh l

i

| | |
    

       (3.3)  

 From (2.1) and (3.3), we get 

X X
j l

i
kh j

i

kh l| |
    0

        (3.4)  

 Now if decomposed tensor field 𝑋௝
௜  is R-⊖ recurrent, then 

X X
j l

i
l j

i

|
  

         (3.5)  

 In view of (3.5), (3.4) may be expressed as 

  l j
i

kh j
i

kh l
X X 

|
0

 .      (3.6) 

 Transvecting (3.6) by 𝛽௜ and using (3.2), we get 

a j
kh l

l kh  
|
 FH IK 0

        (3.7)  

 Interchanging k and h in (3.7), we get 

a j
hk l

l kh  
|
 FH IK 0

 .       (3.8)  

 Adding (3.7) and (3.8) and using the relation 𝑎௝𝜙(௞௛) = 0 , we get 

a j
kh


b g|

  0
 ,        (3.9) 

        where 

 
  kh kh hkb g 

. 

 Since aj is non-zero vector field, therefore (3.9) reduces to  
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
kh lb g|

  0
         (3.10)  

 Thus, we have the following  

Theorem (3.1): In a R-⊖ symmetric Finsler space, the tensor field  𝜙௞௛ satisfies the identity 

(3.10) if the tensor field 𝑋௝
௜  is R-⊖ recurrent. 

 ⊖-covariant derivative of (3.4) is given by 

X X X X
j lm

i
kh

j l

i

kh m j m

i

kh l
j
i

kh lm| | | | | |
            0

    (3.11)  

 If 𝑋௝
௜(𝑥 − 𝑥̇) be ⊖-covariantly invariant, then  

X
j l

i

|
  0

 .        (3.12) 

 Hence, from (3.11) and (3.12), we get 

X j
i

kh lm


|
  0

         (3.13)  

 Commuting the indices l and m in the equation (3.12), we obtain 

X j
i

kh lm kh ml
 

| |
 FH IK 0

 .      (3.14) 

 Since 𝑋௝
௜ be a non-zero tensor field, therefore, we must have 


kh lm|

  0
         (3.15)  

Thus, we have  

Theorem (3.2): In a R-⊖ symmetric Finsler space, the tensor field satisfies the identity 

(3.15) if the tensor field 𝑋௝
௜ is ⊖-covariantly invariant. 
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