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1. Introduction

Let D be a linear connection in an n-dimensional differentiable manifold M™. The torsion tensor T and the
curvature tensor R of D are given by T(X,Y) = DyY — DyX — [X,Y], and R(X,Y)Z = DyDyZ —
DyDxZ — Dy y)Z, respectively. The connection D is symmetric if its torsion tensor T(X,Y) = 0,
otherwise, it is non symmetric. The connection D is is metric if (Dy g)(X,Y) = 0, otherwise, it is
non-metric. It is well known that linear connection is symmetric and metric if and only if it is the
Riemannian connection. In 1994, Friedmann and Schouten introduced the concept of semi-
symmetric linear connection in a differentiable manifold. Hayden (1932) introduced a metric
connection D with a non-zero torsion on a Riemannian manifold. A linear connection is said to
be a semi-symmetric connection (SSC), if the torsion tensor (TT) is of the form T(X,Y) =
n(Y)X —n(X)Y, where n is a 1-form defined by n(X) = g(X, £). A connection with torsion tenor of the
above form is a semi-symmetric metric connection (SSMC) which appeared in a study of Pok (1969). A
systematic study of the SSMC D on a Riemannian manifold was initiated by Yano (1970). He proved that
a Riemannian manifold is conformally flat if and only if it admits a SSMC where curvature tensor
vanishes identically. He also proved that a Riemannian manifold is of constant curvature if and only if it
admits a SSMC for which the manifold is group manifold. Some different kind of semi-symmetric non-
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TX,Y) =n)X —nX)Y, (1.1)
and

(Dx X, Y) = —2n(X)g(Y, 2), (1.2)
for arbitrary vector fields X,Y and Z in M™, where 7 is a 1-form defined by g(X, ¢) = n(X).

DyY = Dy + n(X)Y, (1.3)

for arbitrary vector fields X,Y and Z in M™, where D denotes the Levi-Civita connection (LCC).

Further, if R and R denote the curvature tensor of D and D, respectively, then it is known Melhotra
(2012) that

R(X,Y)Z = R(X,Y)Z + [(Dxm)(¥) — (Dym)(X)]Z . (14

recurrent. In section 3 and 4, the Einstein tensor and Schouten tensor are studied with respect to
SSNMC D, whose torsion tensor satisfies the prescribed condition. In section 5 and 6, the
necessary and sufficient conditions are obtained under which the projective curvature tensor and
the concircular curvature tensor corresponds to the connection D and D coincide.

Kamilya (1994)
(DxT)(X,Y) = BOOT(Y, 2), 2.1)
where B is a non-zero 1-form such that B(X) = g(X, p).

From (1.1), we have

(CiD(Y) = —(n — Dn(Y). 22
From (2.2), we get

(Dx CiT )(¥) = ~(n — )(Dyx n) (V). (2.3)
From (2.3) and (2.4), we get

(Dx CIT )(¥) = BOO(CIT )(Y). (2.4)
From (2.3) and (2.4), we get

(Dxn)(¥) = BQON(Y). (2.5)

From (1.3) and (2.5), we get
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DxmM ) = BX)n) +nCOn(Y). (2.6)
From (1.4) and (2.6), we get

R(X,Y)Z =R(X,Y)Z + [B(X)n(Y) — B(Y)n(X)]Z . (2.7
Equation (2.7) can be put as

'R(X,Y,Z,W) =R(X,Y,Z,W) + [B(X)n(Y) — BW)n(X)]g(Z,W). (2.8)
Contraction of (2.8) gives

Ric(Y,Z) = Ric(Y,Z) + [B(Z)n(Y) — B(Y)n(2)], (2.9)
where Ric and Ric denote the Ricci tensor corresponding to the SSNMC D and LCC D, respectively.
Again, contracting (2.9), we get

r=r+n(p) —B(), (2.10)
From (2.8), we have

'R(X,Y,Z,W)+'R(Y,X,Z,W) =0, (2.11)

'R(X,Y,Z,W)+'R(X,Y,W,Z) = 2[B(X)n(Y) — B)n(X)1g(Z, W), (2.12)
'R(X,Y,Z,W)="R(Z,W,X,Y) = [BX)n(Y) — B )n(X)]g(Z,W) -
[B(Z)n(W) = BW)C(D)]g(X,Y), (2.13)
and
'R(X,Y,Z,W)+'R(Y,Z,X,W)+'R(Z,X,Y,W) = [B(X)n(Y) — B )n(X)1g(Z, W) +
[B(Y)n(Z) — B(Z)n(Y)]g(X, W)
[B(Z)n(X) = B(Xn(D)]g(Y,W)].  (2.14)
In consequences of (2.8), (2.9), (2.10), (2.11), (2.12), (2.13) and (2.14), we get

Theorem (2.1): If a Riemannian manifold (M", g) admits SSNMC D, whose torsion tensor TT T
satisfies the condition (2.1), then

(i) the curvature tensor R is given by (2.8),
(i)  the Ricci tenor Ric is given by (2.9) ,
(iii)  the scalar curvature of  is given by (2.10),
(iv) 'R(X,Y,Z,W)+'R(Y,X,Z,W) =0,
(v) 'RIXY,Z,W)+'R(X,Y,W,Z) =0, ifand only if B(X)n(Y) = B(Y)n(X),
(i) 'R(X,Y,Z,W)—="R(Z,W,X,Y) =0, ifand only if B(X)n(¥) = B(Y)n(X),
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(i) 'R(X,Y,Z,W)+'R(Y,Z,X,W) +'R(Z X,Y,W) = 0, ifand only if B(X)n(Y) = BX)n(X),

(viii) A necessary and sufficient condition for the Ricci tensor  Ric of the SSNMC D to be
symmetric is that B(X)n(Y) = B(Y)n(X),

(iX) A necessary and sufficient condition for the Ricci tensor Ric of the SSNMC D to be skew-
symmetric is that Ricci tensor of the LCC D flat,

(x) the scalar curvature of SSNMC D is equal to the scalar curvature of LCC D if and only if

n(p) = B().

~ o~~~ o~ —

A Riemannian manifold (M™, g) is called an Einstein manifold with respect to LCC D if

Ric(X,Y) = ig(x, Y). (3.)

TT satisfies the certain condltlon (2.1) is called an Einstein manifold if
Ric(X,Y) =~ g(X,Y). (3.2)
From (2.9), (2.10) and (3.2), we get

Ric(X,Y) = Zg(X,) = Ric(X,¥) = = g(X, 1) + [B( (0 — BEONW))

+=[1(p) = BE1g(X,Y), (33)

In view of (3.3), we can state the following theorem:

condition (2.1). Then, the notion of Einstein manifold with respect to the Riemannian connection D
and the SSNMC D coincide if and only if
n[B(Y)n(X) — BCOn(M)] + [n(p) — B(Olg(X,Y) = 0.

4. Schouten tensor S with respect to SSNMC D, whose TT satisfies the certain condition

Schouten tensor on a Riemannian manifold with respect to LCC D is given by Guan et al. (2003)

S(X,Y) = ﬁRic(X, Y) — m g(x, 7). (4.1)
From (4.1), we get
S(X,Y) = S(Y,X) =0, (4.2)

and

S(X,Y) + S(Y,X) = %Ric(X, Y) — X,Y). (4.3)

_r
(n-Dn-2)J
It follows from (4.2) that Schouten tensor is symmetric while (4.3) shows that it is skew-symmetric if and
only if Ric(X,Y) = g(X,Y) with respect to LCC D.
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Analogous to the definition (4.1), we define Schouten tensor on a Riemannian manifold with respect to
the SSNMC D, whose TT satisfies the certain condition (2.1 as

S(X,Y) = —Ric(X,Y) — X, V). (4.4)

__r
2(n-1)(n-2) 9
From (2.9), (2.10) and (4.1), we get

G (p)-B(&)]
S&.Y) =S, Y) + 5 [BCONY) = BWINX)] - 30 P22 g (X, V). (45)

From (4.2), (4.3) and (4.5), we can state the following theorem:

Theorem (4.1): Let a Riemannian manifold (M", g) admits SSNMC D, whose torsion tensor TT
satisfies the condition (2.1). Then, the Schouten tensor with respect to the SSNMC D coincides with
the Schouten tensor of the LCC D if and only if

_ [n(p)-B(&)]

[B(X)n(Y) —BY)n(X)] = WQ(X, Y).

Theorem (4.2): If a Riemannian manifold (M™, g) admits a SSNMC D, whose torsion tensor TT

and only if

B(Y)n(X) —BX)n(¥) = 0.

Theorem (4.3): If a Riemannian manifold (M™, g) admits a SSNMC D, whose torsion tensor TT
satisfies the condition (2.1). Then, the Schouten tensor with respect to the SSNMC D is skew-
symmetric if and only if

[r—{n(p)-B(H)}]

Ric(X,Y) = 2D)

gXx,Y).

condition

Let 'P(X,Y,Z,W) and 'P(X,Y,Z,W) be the projective curvature tensor of the connection D and D,
respectively. Then

'P(X,Y,Z,W)="R(X,Y,Z,W) — ﬁ [Ric(Y,Z)g(X,W) —R(X,Z)g(Y,W)], (5.1)
where 'P(X,Y,Z,W) = g(P(X,Y)Z,W).
In view of (2.8), (2.9), and (5.1), we get
'P(X,Y,Z,W) ='P(X,Y,Z,W) + [B(X)n(Y) — B()n(X)]g(Z, W)
——[{B@n () - BWZ+}gX,W)

—{B(Z)n(X) = BX)n(Z)}g (Y, W), (5.2)

where

'P(X,Y,Z,W) ='R(X,Y,Z,W) — ﬁ [Ric(Y,2)g(X,W) — R(X,Z)g(Y,W)],
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and
'P(X,Y,Z,W) =g(PX,Y)Z,W).
In view of (5.3), we can state the following theorem:

Theorem (5.1): If a Riemannian manifold (M™, g) admits SSNMC D, whose torsion tensor TT satisfies
the condition (2.1). Then, the projective curvature tensor of SSNMC D is equal to projective
curvature tensor of the LCC D if and only if

[B(X)n(Y) = B(Y)n(X)] = 0.

Further, suppose that Ricci tensor of SSNMC D vanishes, whose torsion tensor TT satisfies the
condition (2.1),

Ric(X,Y) =0. (5.3)
Applying the condition (5.3) to (5.1), we get
'P(X,Y,Z,W) ='R(X,Y,Z,W). (5.4)
Using (5.4) and (5.2), we get
'R(X,Y,Z,W) ="P(X,Y,Z,W) + [B(X)n(Y) — BOV)n(X)]g(Z, W)
——[{B@)n(Y) - BN +}g(X, W)
—{B(Z)n(X) = BX)n(Z)}g(Y, W), (5.5)
In view of (5.5), we have the following theorem:

Theorem (5.2): If a Riemannian manifold (M™, g) admits SSNMC D, whose torsion tensor TT satisfies
the condition (2.1) and Ricci tensor Ric of D vanishes. Then, the curvature tensor 'R of the
connection D is equal to projective curvature tensor 'P of the manifold if and only if

[BX)n(Y) = B(Y)n(X)] = 0.

Further, we assume that if the curvature tensor of the SSNMC D vanishes, then its Ricci tensor Ric is also
vanishes, hence from (5.5), we get

'PX,Y,Z,W) + [BXOn(Y) = B(Y)n(X)]g(Z, W) —
ﬁ [{BZ)n(Y) — BY)n(Z)+}g(X, W) —{B(Z)n(X) — B(X)n(Z)}g(Y,W)] = 0. (5.6)
Hence, from (5.6), we can state the following theorem:

Theorem (5.3): If a Riemannian manifold (M™, g) admits SSNMC D, whose torsion tensor TT satisfies
the condition (2.1) and curvature tensor 'R of D vanishes. Then, the manifold is projectively flat if
and only if [B(X)n(Y) — B(Y)n(X)] = 0.

From (5.2), we have the following theorem:
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satisfies the condition (2.1). Then the algebraic properties of projective curvature tensor 'P of
SSNMC D are given by

'P(X,Y,Z,W)+'P(Y,X,Z,W) = 0.
and

'P(X,Y,Z,W) +'P(Y,Z,X,W) +'P(Z,X,Y,W) = 0, if and only if [B(X)n(Y) — B(Y)n(X)] = 0.

~ o~~~ o~ —

condition

Let 'L(X,Y,Z,W) and 'L(X,Y,Z,W) be the concircular curvature tensor of the connection D and D,
respectively. Then

T
n(n-1)

'T(X,Y,Z,W) = 'R(X,Y,Z,W) —

[g(Y,2)gX, W) — g(X,2)g(Y,W)], (6.2)

where 'L(X,Y,Z,W) = g(L(X,Y)Z,W).
In view of (2.8), (2.10) and (6.1), we get
'LX,Y,Z,W) ="L(X,Y,Z,W) + [BX)n(Y) — BY)n(X)]gZ W) —

Lo [g(r,2)g (X, W) = g (X, D)g (¥, W], (62)

n(n-1)
r

where 'L(X,Y,Z,W) = 'R(X,Y,Z,W) — n(n-1)

gV, 2)g(X,W) — g(X,2)g(Y,W)],

and 'L(X,Y,Z,W) = g(L(X,Y)Z,W).
Therefore, from (6.2), we can state the following theorem:

Theorem (6.1): If a Riemannian manifold (M™, g) admits SSNMC D, whose torsion tensor TT satisfies
the condition (2.1). Then, the cocircular curvature tensor 'L of SSNMC D is equal to concircular
curvature tensor ‘L of D if and only if

[BCXOn(Y) — B n(0)g(z,w) = L2160y 7yg(x, w) — g(x, 2)g(¥, W)].

n(n-1)

7=0. (6.3)
Then, from (6.1) and (6.3), we get

'TX,Y,Z,W) ='R(X,Y,Z,W). (6.4)
Hence, from (6.4) and (6.2), we get

'RX,Y,Z,W) ="L(X,Y,Z,W) + [BX)n(¥) — BX)nX)]g(Z W) -

[n(p)-B()]
n(n-1)

[g(Y,Z)g(X,W) — g(X,Z)g(Y,W)], (6.5)

Therefore, from (6.5), we can state the following theorem:
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Theorem (6.2): If a Riemannian manifold (M™, g) admits SSNMC D, whose torsion tensor TT satisfies
the condition (2.1) and scalar curvature of D vanishes. Then, 'R(X,Y,Z,W) = 'L(X,Y,Z, W) if and
only if

_ [mp)-B()]

[BCON) = Bn(0lg(2,w) = LLZE[g(v, 2)g (X, W) - (X, 2)g (¥, W)].

Again, if we assume that

'R(X,Y,Z,W) = 0. (6.6)
Then, from (6.6) and (6.5), we get

'LX,Y,Z,W) + [BX)On(Y) — B In(X)]g(Z W) -

-B
Lo 20N g(v,2)9(X, W) = g(X, 2)g (Y, W)] = 0. (6.7)
In view of (6.7), we can have the following theorem:

Theorem (6.3): If a Riemannian manifold (M™, g) admits SSNMC D, whose torsion tensor TT satisfies
the condition (2.1) and curvature tensor 'R of D vanishes. Then, the manifold is concircularly flat
if and only if

[BX)n(Y) — Bn(X)]g@,w) = LB 6y 7%, W) - g(X, 2)g(¥, W)].

n(n-1)

satisfies the condition (2.1). Then the algebraic properties of cocircular curvature tensor 'L of
SSNMC D are given by
'L(X,Y,Z,W)+'L(Y,X,Z,W) =0,
'LX,Y,Z,W)+'L(X,Y,W,Z) = 2[B(X)n(Y) — B(Y)n(X)],
'LX,Y,Z,W) ="L(Z,W,X,Y) = [BX)n(Y) = B In(X)]g(Z, W) —
[B(Z)n(W) — BW)n(Z2)]g(X,Y).
and
'LX,Y,Z,W)+'L(Y,Z,X,W) +'L(Z,X,Y,W) = [B(X)n(Y) — B(Y)n(X)]g(Z,W)
+[B(Y)n(Z) — B(Z)n(V)]g(X, W)
+[B(Zn(X) — BXn(D)]g¥, W).
In particular, above results can also be rewritten as
'LX,Y,Z,W)+'L(X,Y,W,Z) = 0, ifand only if [B(X)n(Y) — B(Y)n(X)] = 0,
'L(X,Y,Z,W) ="L(Z,W,X,Y) = 0, ifand only if [B(X)n(Y) — B(Y)n(X)] = 0,
and

'TX, Y, Z,W) + LY, Z, X, W) + 'L(Z X,Y,W) = 0, if and only if [B(X)n(Y) — B(Y)n(X)] = 0.
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