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Abstract

Using the transformation formula given by Bhargava, Somashekara and Fathima and also making use of

the Ramanujan’s summation lq)l , we have established certain new transformation formulae for basic

hypergeometric series.
Keywords: Transformation/ Summation formula.

Introduction

Recently, Bhargava, Somashekara and Fathima (2005) established the following transformation formula

If |q| <1 and |—|< ‘Z‘< 1, then

2 @y n_(9059), 2 (b/4:9),(5:0)y n
= g
n=x(b),  (b,zq), n=0 (4:9),(azq),

(b—a) (q,q/az;q)OO ) (b/az,q/a;q)n n

+ , (1.1)
(az—q) (q la,b/ az;q)oo n=0 (q,qz / az;q)
n
where (a;q)oo = 109[ (l—aqn) and (a;q)n = 10_0[ (Cl;lﬂ’ n: any integer.
n=0 n=0(aq ;q)OO

In order to prove (1.1), they used the famous Hein’s transformation, viz.;

2 (@ba)y n_(baza)y 2 (c/bza)y,n
n=0(g.¢:9),, (c.2:39), n=0 (¢,az:q),,

(1.2)
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In this paper making the use of the Ramanujan’s summation formula for 1‘1’1 (Gasper and Rahman,1991)

Y

{a;q;z} 2 (@9)y n_(02.4/02.9.5/ 2q),
171

g | n=—00(ﬂ;q)nz - (zBlaz.p.ql aq), -

and certain transformations for ZCDI -series, we have established some new transformations for basic

hypergeometric series.

Following transformations are needed in our analysis due to Gasper and Rahman, 1991

a,biq;z| (abz/c;q)q, cla,cl/b;q,abz/c
= 2% )

()

2 e (2:4) ¢
(1.4)
o |0067|_(c/bbzq)y o [abzlebigie/b] (15)
2 IC (Cﬂz;q)oo 2 le
and
,b:q; bz; /2 (bsc/ a;
2(1)1{61 q Z}_( fq)m § (_)nqn(n 1)/2 (b:c “.q)n (az)”. (1.6)
C (Z,Q)OO n=0 (Q9Cab29Q)n
We shall also make use of the following Rogers-Fine identity,
2_
w (aiq), o (@a),(azq! Bia), B"q" " (1-azg>"
R e 0
n=0 (B:q), n=0 (8:40),(2:0) 11
2. Main Results

In this section we obtain establish our main transformation formulae by using the relation

(5-4) % (qz/ﬁ;")n(ﬂj’“ o

. n . n
weknow 2 (@Dnz _ 2 (@), 27

n=w (f:q), n=0 (B:q), Z(“—q)n=0(q2/a;q)

oz

(i) Applying (1.7) on the first part and (1.2) on the second part of right hand side of (2.1) with the help of
(1.3) we get;
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o (@4),(azq/ B:9), g (1—azq2”)

20 (B:0), (24:9),

(az.q/az,q,.B/a;q),, (ﬂ—q)(l—z)(q,qz /052;61)00

— X

(anﬂ/azaﬂaq/OGQ)oo z(a—q)(q2 /a,,b’/az;q)
0

ql/a,plaz,q,q
X~ D . (2.2)
2 1q2/az

(i) Taking z / & for z in (2.2) and the & —> 90 we get;

3n(n—l)
- (—)n(q/ﬁ;q)n(1—2612")ﬂ”2”q2

2
(z.9/z,9:q) (ﬁ_q)(q’q /ZQQ) Blzq:9
o0 o0 qu)l

(/B/Z’/B;q)oo ) Z(IB/Z;q)oo q2 /z

(2.9/2.4:9) (B-q) (9:9/%q)y

BB Z0) 2z (-q/2)(B/50)p

g (B/z4q),4q"

":0(q2 /z;q)n (9:9),,

b

(4:9)0(4/%4)0
(8124)s

(9)yw  (B—9) 2 (B/z:4q),4q" |

X J—

(8:4)  (2-9)n=0 (q,q2 /Z;q)n

(2.3)

(i) As [ — Zq in (2.3) we get,
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()" (1/2:9), (1-24") 2"

(Zq;q)n

3
Lb18

n
—(1-2)(q/zg) 14— F 4| .4
(Z_Q)nzo(qz/z;q)
n

(iv) Applying (1.2) on both part of the right hand side of (2.1) and summing its left hand side by making
use of (1.3) we get,

X
(ﬂ/az,q/a;q)oo Z(“‘Q) (az,q2 /a,ﬂ/az;q)
o0
{q/a,ﬂ/az;q;q}
X~ D ,

oz

2 )
Bla.zgq] (¢/azpBlaq), (B-q) (q /“Zaﬂ’Zﬂ)oo
2Py =

2% 2/ 4z @3)

(v) Applying (1.7) on the second part of the right hand side of (2.1) and summing its left hand side by
making use of (1.3) we get,

2 (¢59), n_(0ma] azaplaia),

n=0(/q),, (z,8/az,p,q/ a:q)y,

o (q/z,q2 /ﬂ;q)n (ﬂng(l_quZ /az)qn(n—l)
_q 0.0]
>

a“z
_ . (2.6)
Z(Q—Q)nzo (qz/a;q)n(,b'/az;q)n_H
(a) Forz=q, (2.6) yields
© (:9), n ¢ (29)o
> —Lgt=—F——|(1-8/q)- . (2.6.A)
i=0(Biq), " (aq-p) (1-A14) (5:9)o0

(vi) Applying (1.7) on both part of the right hand side of (2.1) and summing its left hand side by using
(1.3) we get,
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o0 (Ot;q)n(azq/ﬂ;q)n (1_azq2n)ﬂnznqn(n—l)

2
n=0 (8:4)(2:4) 1

(az,q/az,q,ﬂ/a;q)oo (,B—Q)

= - X

(zBlaz.p.qlaiq), z(a—q)
00 (CI/Z,qz /,BQQ) (1—q2n+2 /O(Z)(,qu /azz)qn(n_l) (2.7)
X Y n .

n=0 (q2 /a;q)n (Blazq),

(vii) Applying (1.4) on both part of the right hand side of (1.2.1) and summing its left hand side by using

(1.3) we find,

® {ﬂ/a,ﬂ/q;q;azq/ﬂ}
21| g
_ (azgqlaz.g.flaq), — (B=q)(2.9/79)y
(azq! B.flaz,B.q! a;q)y z(a—q)(Blaz,azq! fiq),
pla,qla,q,qlz
qu’{qz . } 2.8)
2

[USIE

2 S
35 3 __ 3. . 3
(a) Taking & q-, ,B q~ ,Z=¢"~ in(2.8) and then replacing q by ¢~ we get,

3_ 2.3, (1+q2) 3 3.2
2®1[q 4754 ,q]+ o |90

5 (1+q)2 1 —q4

—-q
21447 )3 60)
- q2/3 ,7(27) )

(2.8.A)
(viii) Applying (1.7) on the first part and (1.4) on the second part of the right hand side of (2.1) and

summing its left hand side by (1.3) we obtain,
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-1
¢ (o i -}
n=0 (8:4),(2:4) 541

_(azglazq.flaq)y  (B-ala/54)w
(z,ﬂ/az,ﬂ,q/a;q)oo z(a—q)(ﬂ/az;q)oo

Bla,qla,q,qlz
X2 1 .

(2.9)
qz/a

(ix) Applying (1.4) on the first part and (1.7) on the second part of the right hand side of (2.1) and (1.3)

on its left hand side we get,

o Bla.Blaqgazq! | (az.qlaz,.q,p/aq)y,
270 p (azq/ BB az,B.ql a;q)y,

 (B-9)(z9)s
z(a—q)(azq! B;q)y
n
2 (%1 530 (a7z:0),(1-4>"*% /az)(pg® 1aPz) ")
n=0 (c]z/oz;q)n(,b’/ocz;q)wrl

(x) Applying (1.5) on both part of the right hand side of (2.1) and (1.3) on its left hand side we get;

OZO: (azq/ﬂ;q)n (ﬂjn

=0 (z24:9), \4q

(2.10)

(az,q/az,q,p/aq),, _q(l-2) y
(29,81 az,p1q9.9/ a:q)y, (az-p)
® (q/z4),(q/ )"
X .
n=0 (Bq/azq),
(a) Takingz=qin (2.11) we get,

(2.11)
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(2.11.A)

§ (aqz /,BQQ)n (,B/Q)n _ g {1+ (29:9)., }
=0 (6:9)p0 (aq-B)| (Bla:q)y

(xi) Applying (1.7) on the first part and (1.5) on the second part of the right hand side and (1.3) on its left

hand side we get,

o (@), (asq ! Bia), 572" (1-azg? )"

>
n=0 (ﬂ;q)n (Z;q)n+1

_(az.q/az.9.8/ x:9),  (B-4) q/z,q:9:9/ @
(z,Blaz,fqlaiq)y, (az-p)2 1 Bq/az

(a) Again taking z= qin (2.12) we get,

o (il 2g) " (1-a™) 1 {Q(G%Q)oo - }
0 (Ba)n( 49w o (ﬂ/q,q)oo{ﬁ I ens

(xii) Applying (1.7) on the first part and (1.6) on the second part of the right hand side of (2.1) and (1.3)

(2.12)

on its left hand side we get,

(@d et a2 )" (ol flad,  dlpg

% Bz “(zhlafdady, (adlap
2 n
. (=)' """ V(g a;q)n{zz]
x 3 (2.13)

- 2
n=0  (pq/azq), (q / a;q)n
(xiii) Applying (1.6) on the first part and (1.7) on the second part of the right hand side of (2.1) and (1.3)
on its left hand side, we get;

F (L) D02 (Blazq),(az)" (azqlaz,fla.qq)y,

n=0 (B.2g:9), (zq.8/az,p.q/ a;q)y,
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2 . 242, 1D
(B-q)(1-2) 3 (q //3,612/ ’q)n(ﬂq @ ) ! _ (2.14)
z(@=z) n=0 (q /a;q)n(ﬂ/aZ;q)n+1

(xiv) Applying (1.6) on both part of the right hand side of (2.1) and (1.3) on its left hand side we get,

0 _ /a;q) (az)n
Ly 2 (8 "
e M 1 P

:(az,q/az,ﬂ/a,q;q)oo_ (B-q)
(z.8/az,B.q/aq), (a—q)(az—q)

n
. D12 (B asq), (qz /az)

x 2

n=0 (q2 la,fq! az;q)
n

(a) Taking z=q in (2.15) we get,

(2.15)

=0 (8:9),,(4:9) 41 (@g=B) n=0  (9/@q),4

(gl a.q.Bl59),,  (24:9) (1-1/a)

(0.8/aq,..9/:9),  (B:q)y (1-5/0q)

_ g(a-1) (24:9) __ 4 (2:9)or (2.15.A)

(aq-8) (Bid)w (B-aq)(B:d)y

(b) Again taking @ = —ql/z , B =—¢q and choosing ¢ —> q2 we get

w (<) qn("_l)/z(ql/z;q)n(—q3/2)n

+
=0 (=4:9),, (439 )41
_ n
2 : () 4" 1)/2(_q1/2)
+
(_q3/2 +q)n:0 ((]1/2;q)n+1
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1/2.)
o, (),

B (—q + q3/2) (_q;q)oo

% n(n 1)(q q )n 2 OZO: qn(n 1)( )
n=0(_q2;q2)n(q2;q2)n+l I—C])n= (C] )n+1
_ 1 (_q;qz)oo _ " ni(20) (2.15.B)

(l—q)(_qz;qz)oo B (1_‘1)772(41)77(1)'

3. Special Cases
(i) Taking z=qin (2.2) we get,

© (e39),, (aq2 /ﬂ;q)n (1 —aq2”+1)ﬂ”q”
n=0 (ﬂ;q)n(qz;q)n
(2g:1/a,0.8/20)0  (B-9)(1-9)(9/@:4)s (B/ 2:0)y
(qz,,b’/aq,ﬂ,q/a;q)oo CI(O‘_Q) (qz/a,,b’/aq;q)oo
(1-¢)(1-1/a)(a4:9)s, (B-q)(1-9)

(1-Blaq) (Bq)y aq(ag-p)

_(1-g)(2q-9)(29:9)s  (B-9)(1-4)
(ag=pB) (Bq)y  (ag—p)

The summation formula thus obtained is

2
- (a;q)n(aq/ﬂ;q)n+1(1—aq2”+1)ﬂ”q"

2

n=0 (8:4),(4:4) 11
_a(-a)(@a:9)y (B=q) q[(@9)w (, B
B (Bd)y s '_Z’{(ﬂ;q)w [1 qj} o

(ii) Taking [/ =¢ in (2.2) we get
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0 (aQQ)n(“Z?q)n+1(1_“2q2n+1)znqn2 (az;9)4 32
n=0 (zg:9),(4:9), (24:9) 7
(iii) Takingz=1 in (2.2) we get,

. : _,.2n) pn n(n-1)
0 (aaQ)n(“q/ﬂ’q)n(l aq )ﬂ q _(39)y (3.3)

> = .
n=0 (8:q),(4:9), V-
(iv) Putting ,B = in (2.2) we get,

-1
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n=0

2 . o

:_(1_2) (q,q /OCZ,C])OO 2®1|:q/a,1/z,q,q:l

z (q2 /a,l/z;q)
(e 0]

qz/az

q,qz/az;q) q/z,qz/a;q)
z (l/z,qz/a;q) (qz/az,q;q)
o0 o0

El_éjﬁl (3.4)

z

(v) Setting @ = —ql/z,ﬂ = —q2, z= q1/2 in (2.2) and then replacing q by q2 we get,

(1—61)(61;q2) g2 . (—q;qz) 2" 18 4 (20)
(1”230 = (—qz;qog)n ::2(2)77(1)”’7(27)’ @)

ql/ 24 (

where 77(2') 27t )

q;q)oo;(q=e

q2/3,,3 = —q5/3 ,Z = q1/3 and then replacing q by q3 in (2.2) we get,

(—qz;q3 )n (q;q3 )n (1 PPLUAR )(_)n q3n(n+1)

0 (q,—qz;q3

(vi) Setting @ = —

18

¢ )
n+l
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2 3 3n
~1/4 (4% -as0?) 3
g " (67) L A 27°(67) (3.6)
( ¢:97) \a75a7 ) 94" ) q2/3,7(27)(1_q) (1+q2)
(vii) Taking z=q in (2.5) we get the following summation formula;

2 (810:9),a" _(a=Vg _(B-q) (B9)s

+

n=0 (aq;q), (ag-p) (aq-P8)(24:9)x

_(a-1)q a (Pla9s  (1-a)g [(51a:0),
(aq—ﬂ)+(aq—ﬂ) (2q:9) :(aq_ﬁ){ (@0). —1} (3.7)
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