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Abstract

An attempt has been made to give simple proofs of certain modular equations of chapter XVIII of
Ramanujan's second notebook.
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Introduction, Notations and Definitions : Here and in the sequel we employ the customary q-product
notation. For | q | </|,let [a;q],=1,

n-1
ERCIN = H (1-aq), forn >,1 and,
r=0
[a;q]. = lilo(l—aqr),r (1.1)

Ramanujan's general theta function f(a, b) is defined by

f(a,b) — i an(n+1)/2bn(n_l)/2, |ab |<| (12)

n=-—-oo

Applying Jacobi Triple product identity we have,

f(a,b)=[—-a;ab], [-b;ab], [ab ;ab ], (1.3)
Most important special cases of (1.2) are
o) ) _ .- _ L2 2., .2
b@)=faq) = 3 ¢ =8 _[FaiaTlla :q L (14)
e [q4 5=q].  [-a":q97].[la:q97 ],
° 2. 2
¥(@)=f(q.q°) = 3 gqreneniz = 1) (15)
Z‘o [d:q°],
and  f(-q)="f(-q,-q°) = j'ol(—)“q“““*”/2 =[9:9].- (1.6)
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In chapter 16, entry 25, Ramanujan established following beautiful relations:
() 0% () + 0% (=x) =207 (x?), (1.12)

(ii) 0t (x) - 0¥ (-x)=16x¥ 4 (x*). (1.13)

(iii)In entry 10 of chapter 17, Ramanujan has mentioned following (I)(X) + d)(—X) = 2¢(X4 ), 1.7

(iv) O(x) = 0(=x) = 4x(x*), (1.8)
Wox)d(-x) = 0> (-x?) and  P()WP(—x) =P (x*)p(—x*), (1.9)

(vi) d(x)VP (x?) =¥ 2(x), (1.10)

(vii) 02 (x) = 0% (—x) = 8x¥ 2 (x*), (1.11)

results which hold for modular equations of signature 2,
(@) 0(q) = vz (1.14)
(ii) 0(-q) =z 4/0-%) (1.15)

where,

(=e? =e JE[1/2,1725151-x] (116)
JE 172,172,515 %]

and z:zFl[l/Z;l/ZQIQX]

_ 2F1[1/2,1/2,1=0‘]:£. (1.17)

-~ LR/2,1/2,1,8]  Z,

In entry 24 of chapter 18, Ramanujan has given following modular equations of signature 2,

(a)If B is of degree 2 over a., then

@) m~/1-—a ++/B =1, (1.18)

(ii) m?Jl-oa +p=1, (1.19)
2

(iif) m’> _ 1+B __1+B (1.20)

2 1+4l-0a 1+(-a)
(b)If B is of degree 4 over a, then

O VmAT—a + 4B =1, (1.21)
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(i) m&1T-a+B =1, (1.22)
Gy mo_ 1+ B _ % (1.23)

2 1+41-a  l1+4l1-«a

(c)If B is of degree 8 over a, then

Jm Yi—a + 4B =1 (1.24)
(A) If B is of degree 16 over a, then
Vmo o 1+4B (1.25)

2 1+41-«a

In this paper, making use of (1.7)-(1.15) an attempt has been made to give simple proofs of (1.18)-(1.25).
In the entry 24(V) of chapter 18, Ramanujan has mentioned:

In any equation o may be changed to 1-3, B to 1-o and m to n/m where n is the degree of B." Thus we see
that

2nd degree: i\/ﬁ+1/1—(x =1 and (1_ Vl—a)(l—\/g)zz\,ﬁ(l—aj : (1.26)
m
2 4 4/1 _ — — [P EE—
4™ degree: \/H\/E-l_ et and (1_41_0LX1_4\/B):24B(1_0L)' (1.27)
8™ degree : %W_,_ 41 - =1 and (1—4\/1—(1)(1—4\/5): 2\/2_§/[3i1—oci.
(1.28)

We shall also deduce (1.26) - (1.28) from (1.18)- (1.25).

Proofs of (1.18) — (1.25): (a) (i) Proof of (1.18)- Since B is of degree 2 over a so from (1.14) and (1.15)
we have,

#(q) =2, 0(~q) =z, 1~ )" and §(q*) = [z, ,(~q*) = [z, (1= ). (2.1)
From (2.1) we find

¢(—Q):\/_ 1— o )4 d¢(_q2)=l— 14
o Y (o) and S =) 22)
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N A @) -4 (—q”)
Sl 9 )
So, DT +8¢Y (g L s
2¢2(C]2) [ from (1.13)]
_ P a)+ 4 (9) an
2¢2(q2) [fo (1. )]
=1 [ from (1.12)]

(ii)Proof of (1.19) - From (2.1) we have $(=9) (@) _  (j _ yi4
0(a®) ¢(qa’)
2 $°(-q) ,» $'(-q*)
- - -
moNlra s p WW6¢(”+{ ¢%#)}
Thus we have _ $'(=q’)+¢"'(q’)-9"(-q°) _1
¢*(q*)

[from (1 .9)]

Replacing o by 1- B, B by 1-a and m by 2/m in (1.18) we get: 3\/6 +41-a =1
m

m~/1-a +\/E=l m+/1-a =1—\/E

From (1.18) and (2.3) we have ) =,
ZB+N1-a=1 =B =1-+l1-a
m m

Multiplying these relation we get (1- \/B) (1-+/1-a ) =2,/B(1-a)

(2.3) and (2.6) are same as given in (1.26).

(2.3)

2.4)

(iii)Proof of (1.20) -  From (1.18) and (1.19) we may deduce two more modular equations respectively.

2 B++l-a=1
m

A Brd-a)=1
m

2
From (1.18) and (2.5) we have 1 1-a = - \/E
2 B 1-+1-a

Also from (1.19) and (2.6) we have m* 1-o __1-B
4\ B 1-(-0a)
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2
Dividing (2.8) by (2.7) we find ™ 1+\/E . (2.9)
2 1++4l-a
Again, (1.18) and (2.5) can
be written as:
m«/l—oc+\/E=1 1+ 4/p =m. (2.10)
2B + m+/1—-a =m
From (2.6) we get 4./ + m?(1 - o) =m?>
=(1++B) =1+p+24B (2.10 a)
or  m2(l-a)+24B =1+p. (2.11)
m? m?
From (2.10 2) we get 2. /B = — - —(1-a) (2.12)
2 2
2
From (2.11) and (2.12) we ﬁndm_{l +(l-a)=1+porm> __1+p (2.13)
2 2 1+ (0-oa)
From (2.9) and (2.13) we get (1.20).
(b) (i) Proof of (1.21) --:
since [ is of degree four over a, so from (1.14) and (1.15)
$(0) =z 6(-a) =z (1-a) " (¢ =z .9(-a") =z, a-p)"". (2.14)
From (2.14) we have,
\
0(@) _ - 6(-a) :\/—(l—a]”“
pa) o(-aH  “TT-p) (2.15)
>
$(-q) 1/4 o(-q) 1/4
= (- = +/m (1 ,
by ) LICRS! md-e)
4 _/
¢(—q4 ) _ (- gyt
o(q ")
Now, making use of relations of (2.15) we get:
Vo Mi-a e A s eican)™ whihis (12D
¢(a*) 0 (a?)
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(ii)Proof of (1.22): Making use of (2.15) we have: m 44/11 - i—|— \/E

_ 0@ e, {1 ) ¢“(—q4)}”2 _02(=a)) , Ao*@) - 6% (=q*) (from 1.9)

d(q*) ¢(q") o' (q") ¢2(q) 0’ (a*)
_9°(=q’) + 49’y ’(q") (from 1.13)
¢*(q%)
_207(=q’) + 0’(a’) - ¢ (-q*) (from 1.11)
207(q%)
Tel@H e’ (-a’) (from 1.12)
2¢0%(q") -

which is (1.22).

(iii)Proof of (1.23) - From (1.21) and (1.23) we have two more modular equations by replacing Ol by I-
B, B by 1-o. and m by n/m :

R N (2.16)
4 B+ 1-—a =1. (2.17)
m
Now, from (1.21) and (2.16) we have, M l-a _ 1~ 4\/E ' (2.18)
2 B 1-41-a
Also, from (1.22) and (2.7) wehave, m * [l —a _ _1- /B (2.19)
4 B 1 - 1 - a
Divide (2.19) by (2.18) we get: m 1 - &/B (2.20)
2 1+ A1 -

Again, we can write (1.21) and (2.16) as :

Nl e
W+ A N a = e 4ff=m

= (2.21)
Also, from (1.22) and (2.17) we have 2 B +mT-a =1+ /B, (2.22)
(2.22) can be written as m 1+ /B (2.23)

2 1+ A-o
Thus from (2.20) and (2.23) we get (1.23).
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Also, from (1.21) and (2.16) we have

2 4pl-a) =(1- {/E) (1-4/1-a), whichis precisely (1.27).

(c) Proof of (1.24) -: Since B is of degree 8 over a, so from (1.14) and (1.15) we have :

WD) =289 = {20~ 4 = z.4-4") = Jz0-p"* . (2.25)

From (2.25) we have $(—q*)

1 — 14
$(q") ( A

Therefore

Nm (1= a) (g
_Nb@d ) At -4 (-q")

$(q*) $(q*)

_ \/¢(—q2)+28q2w(q‘6) from (1.9Yand (1.13)
#(q")
_ (=g )+ 4(=q*)+4q°v (¢")
2¢(q%)

_d(—gH)+d(qg?)
T 26(4H) from (18)
-1, from (1.12)

which is (1.24).

From (1.24) we have another modular equation

2+2/m 8B +{1-a =1
So, 242 §BU-a)=(0-4B) 01-41-a), (2.26)

which is (1.28) .
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