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Abstract 

In this paper, we define a semi-symmetric non-metric connection Dഥ on a Riemannian manifold M and 
proved its existence. In particular cases, this connection reduces to several symmetric, semi-symmetric 
and semi-symmetric non-metric connections; even some of them are not introduced so for. We also find 
the expression for curvature tensor, Ricci tensor and scalar curvature of this new connection Dഥ. Further, it 
is also proved that such connection on a Riemannian manifold is conformally and projectively invariant 
under certain conditions. Also we study a hypersurface of a Riemannian manifold admitting such a semi-
symmetric non-metric connection. To validate our findings, we construct a non-trivial example of 3–
dimensional Riemannian manifold equipped with a semi-symmetric non-metric connection.  

Keywords and phrases- Riemannian manifold, semi-symmetric non-metric connection, curvature tensor, 
Ricci tensor, scalar curvature, projective curvature tensor and conformal curvature tensor. 

1.Introduction 

Let M୬  be an n-dimensional Riemannian manifold and D  denote the Levi-Civita connection 
corresponding to the Riemannian metric gon M୬ . A linear connection Dഥ  defined on M୬  is said to be 
symmetric if the torsion tensor Tഥ of Dഥ defined by  

Tഥ(X, Y) = Dഥଡ଼Y − Dഥଢ଼X − [X, Y],                        (1.1) 

is zero for all X and Y on  M୬; otherwise it is non-symmetric.   

It is well known that a linear connection is symmetric and metric if and only if it is the Levi-Civita 
connection. In 1924, Friedmann and Schouten considered a differentiable manifold and introduced the 
idea of a semi-symmetric linear connection on it. Moreover in 1932, Hayden gave the idea of a metric 
connection  Dഥ on a Riemannian manifold and later named such connection a Hyden connection. After a 
long gap, Pak (1963) considered the Hyden connection  Dഥ equipped with the torsion tensor Tഥ  with non-
zero and proved that it is a semi-symmetric metric connection. A linear connection Dഥ is said to be metric 
on M୬ if Dഥଡ଼g = 0; otherwise it is non-metric. A systematic study of semi-symmetric metric connection Dഥ 
on a Riemannian manifold was initiated by Yano (1970). He proved that a Riemannian manifold is 
conformally flat if and only if it admits a semi-symmetric metric connection Dഥ where curvature tensor 
vanishes identically. He also proved that a Riemannian manifold is of constant curvature if and only if it 
admits a semi-symmetric metric connection Dഥ  for which the manifold is a group manifold Eisenhart 
(1946). Various properties of Yano’s connection since then have been studied by many authors. In 1992, 
Agashe and Chafle introduced a new class of the semi-symmetric connection on a Riemannian manifold 
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and studied some of its geometrical properties. This was further developed by Agashe and Chafle (1994), 
Prasad (1994), De and Kamily (1995), Ojha and Chaubey (2012) and by several geometers. In the earlier 
paper De and Sengupta (2000), Sengupta, De and Binh (2000) and Prasad and Verma (2004) defined a 
new type of semi-symmetric non-metric connection on a Riemannian manifold which generalizes the 
notion of semi-symmetric metric  connection Yano (1970) and semi-symmetric non-metric connection 
Agashe and Chafle (1992). In 2008, Prasad, Verma and De and Tripathi (2008) defined the most general 
form of semi-symmetric metric and semi-symmetric non-metric connection and called by them as 
generalized semi-symmetric connection on a Riemannian manifold. In continuation of this study Prasad, 
Dubey and Yadav (2011), Prasad and Doulo (2015) and Prasad, Kumar and Singh (2021) defined again 
semi-symmetric non-metric connection on a Riemannian manifold and obtained many geometrical 
properties.  

Motivation of the above studies in this paper authors defined another type of semi-symmetric non-metric 
connection Dഥ  which includes the known semi-symmetric, semi-symmetric metric and semi-symmetric 
non-metric connections. At first we prove the existence of such a connection and then we obtained 
curvature properties and Ricci properties with respect to Dഥ. We also defined projective curvature tensor 
and conformal curvature tensor with respect to this connection Dഥ  and obtain relation connecting it with 
the projective curvature tensor and conformal curvature to the Levi-Civita connection D. Also we study a 
hypersurface of a Riemannian manifold admitting such a semi-symmetric non-metric connection Dഥ and in 
the last section; we construct a non-trivial example of 3-dimensional Riemannian manifold endowed with 
a semi-symmetric non-metric connection Dഥ. 

2. Semi-symmetric non-metric connection    

Let (M୬, g) be a Riemannian manifold with Levi-Civita connection D. We define a linear connection Dഥ 
on M୬ by the expression 

Dഥଡ଼Y = Dଡ଼Y + ηଵ(Y)X +  ηଶ(X)Y + ηଷ(Y)X − g(X, Y)ξଵ + g(X, Y)ξସ                   (2.1) 

whereηଵ, ηଶ, ηଷand ηସ are 1-forms associate with the vector fields ξଵ, ξଶ, ξଷ and ξସ on M୬ by 

 ηଵ(X) = g(X, ξଵ),                         (2.2) 

ηଶ(X) = g(X, ξଶ),                         (2.3) 
ηଷ(X) = g(X, ξଷ),                         (2.4) 

and 

ηସ(X) = g(X, ξସ).                         (2.5) 

Using (2.1) and (1.1), the torsion tensor T of  M୬ with respect to the connection  Dഥ is given by 

 Tഥ(X, Y) =  [ηଵ(Y)X − ηଵ(X)Y] + [ηଶ(X)Y − ηଶ(Y)X] + [ηଷ(Y)X − ηଷ(X)Y].                  (2.6) 

A linear connection satisfying (2.6) is called semi-symmetric connection. 

Further, using (2.1), we have  

(Dഥଡ଼g)(Y, Z) = Xg(Y, Z) − g(Dഥଡ଼Y, Z) − g(Y, Dഥଡ଼Z) 

= −2ηଶ(X)g(Y, Z) − [ηଷ(Y)g(X, Z) + ηଷ(Z)g(X, Y)] − 

[ηସ(Z)g(X, Y) + ηସ(Y)g(X, Z)].                   (2.7) 

A linear connection Dഥ defined by (2.1) satisfies (2.6) and (2.7) and hence we call Dഥ, a semi-symmetric 
non-metric connection. 
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Conversely, we show that a linear connection Dഥ defined on M୬ satisfying (2.6) and (2.7) is given by (2.1). 

        Let H be a tensor field of the type (1, 2) and  

Dഥଡ଼ Y =  Dଡ଼ Y + H(X, Y),                        (2.8) 

whereD is the Levi-Civita connection on (M୬, g). 

Then, we have 

Tഥ(X, Y) =  H(X, Y) − H(Y, X).                        (2.9) 

Also, we have 

(Dഥଡ଼g)(Y, Z) = Xg(Y, Z) − g(Dഥଡ଼Y, Z) − g(Y, Dഥଡ଼Z).                   (2.10) 

In view of (2.8) and (2.10), we get 

𝑔(𝐻(𝑋, 𝑌), 𝑍) + 𝑔(𝐻(𝑋, 𝑍), 𝑌) = 2𝜂ଶ(𝑋)𝑔(𝑌, 𝑍) + [𝜂ଷ(𝑌)𝑔(𝑋, 𝑍) + 𝜂ଷ(𝑍)𝑔(𝑋, 𝑌)] +  

            [𝜂ସ(𝑍)𝑔(𝑋, 𝑌) + 𝜂ସ(𝑌)𝑔(𝑋, 𝑍)].                                          (2.11) 

Also, we have 

𝑔(𝑇ത(𝑋, 𝑌), 𝑍) + 𝑔(𝑇ത(𝑍, 𝑋), 𝑌) + 𝑔(𝑇ത(𝑍, 𝑌), 𝑋) = 2𝑔(𝐻(𝑋, 𝑌), 𝑍) − 2𝜂ଶ(𝑋)𝑔(𝑌, 𝑍) 

−2𝜂ଶ(𝑌)𝑔(𝑋, 𝑍) − 2𝜂ଷ(𝑌)𝑔(𝑋, 𝑌) 

−2𝜂ସ(𝑍)𝑔(𝑋, 𝑌) − 2𝜂ଶ(𝑍)𝑔(𝑋, 𝑌).          (2.12) 

Equation (2.12) can be written as  

𝐻(𝑋, 𝑌) =  
1

2
[𝑇ത(𝑋, 𝑌) + 𝑇ത ᇱ(𝑋, 𝑌) + 𝑇ത ᇱ(𝑌, 𝑋)]+𝜂ଶ(𝑋)𝑌 + +𝜂ଶ(𝑌)𝑋 + 

𝑔(𝑋, 𝑌)𝜉ଶ + 𝑔(𝑋, 𝑌)𝜉ଷ + 𝑔(𝑋, 𝑌)𝜉ସ.                                 (2.13) 

where 𝑔(𝑇′(𝑋, 𝑌), 𝑍) = 𝑔(𝑇(𝑍, 𝑋), 𝑌). 

Then  

𝑔(𝑇′(𝑋, 𝑌), 𝑍) = 𝜂ଵ(𝑋)𝑔(𝑌, 𝑍) − 𝜂ଵ(𝑍)𝑔(𝑋, 𝑌) + 2𝜂ଶ(𝑍)𝑔(𝑋, 𝑌) − 

   2𝜂ଶ(𝑋)𝑔(𝑌, 𝑍) + 2𝜂ଷ(𝑋)𝑔(𝑌, 𝑍) − 2𝜂ଷ(𝑍)𝑔(𝑋, 𝑌).                      (2.14) 

From (2.13) and (2.14), we get 

𝐻(𝑋, 𝑌) = 𝜂ଵ(𝑌)𝑋 + 𝜂ଶ(𝑋)𝑌 + 𝜂ଷ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉ଵ + 𝑔(𝑋, 𝑌)𝜉ସ.                   (2.15) 

Hence, from (2.8) and (2.15), we get 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 + 𝜂ଶ(𝑋)𝑌 + 𝜂ଷ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉ଵ + 𝑔(𝑋, 𝑌)𝜉ସ.                              (2.16) 

Further, we define  

′𝑇ത(𝑋, 𝑌, 𝑍) = 𝑔(𝑇ത(𝑋, 𝑌), 𝑍).                       (2.17) 

Thus, we have from (2.6) and (2.17) 

′𝑇ത(𝑋, 𝑌, 𝑍)+ᇱ𝑇ത(𝑌, 𝑋, 𝑍) = 0,                    

′𝑇ത(𝑋, 𝑌, 𝑍)+ᇱ𝑇ത(𝑋, 𝑍, 𝑌) ≠ 0,                    

′𝑇ത(𝑋, 𝑌, 𝑍)+ᇱ𝑇ത(𝑌, 𝑍, 𝑋)+ᇱ𝑇ത(𝑍, 𝑋, 𝑌) = 0.

ቑ                      (2.18) 

Next, let 𝜋be any form defined on manifold with associated vector field 𝜌 i.e. 

𝑔(𝑋, 𝜌) = 𝜋(𝑋).                     (2.19) 

Thus, we get 
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(𝐷ഥ௑𝜋)(𝑌) = 𝑋𝜋(𝑌) − 𝜋(𝐷ഥ௑𝑌) 

= 𝑋𝜋(𝑌) − 𝜋(𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 + 𝜂ଶ(𝑌)𝑋 + 𝜂ଷ(𝑌)X − 𝑔(𝑋, 𝑌)𝜉ଵ + 𝑔(𝑋, 𝑌)𝜉ସ) 

= (𝐷௑𝜋)(𝑌) − 𝜂ଵ(𝑌)𝜋(𝑋) − 𝜂ଶ(𝑌)𝜋(𝑋) − 𝜂ଷ(𝑌)𝜋(𝑋) 

+𝑔(𝑋, 𝑌)𝜂ଵ(𝜌) − 𝑔(𝑋, 𝑌)𝜂ସ(𝜌),                  (2.20) 

for any vector field 𝑋 and 𝑌 on 𝑀௡. 

From (2.20), we have 

(𝐷ഥ௑𝜋)(𝑌) − (𝐷ഥ௒𝜋)(𝑋) = (𝐷௑𝜋)(𝑌) − (𝐷௒𝜋)(𝑋) − [𝜂ଵ(𝑌) − 𝜂ଶ(𝑌) + 𝜂ଷ(𝑌)]𝜋(𝑋) 

    +[𝜂ଵ(𝑋) − 𝜂ଶ(𝑋) + 𝜂ଷ(𝑋)]𝜋(𝑌).                 (2.21) 

In view of (2.18) and (2.21), we have the following theorem: 

Theorem (2.1): On an n-dimensional Riemannian manifold (𝑀௡ , 𝑔) endowed with a semi-symmetric 
non-metric connection 𝐷ഥ, we get 

i. ′𝑇ത(𝑋, 𝑌, 𝑍)+ᇱ𝑇ത(𝑌, 𝑋, 𝑍) = 0, 

ii. ′𝑇ത(𝑋, 𝑌, 𝑍)+ᇱ𝑇ത(𝑋, 𝑍, 𝑌) ≠ 0, 

iii. ′𝑇ത(𝑋, 𝑌, 𝑍)+ᇱ𝑇ത(𝑌, 𝑍, 𝑋)+ᇱ𝑇ത(𝑍, 𝑋, 𝑌) = 0. 

iv. 𝑑̅𝜋(𝑋) = 𝑑𝜋(𝑋)if and only if  

[𝜂ଵ(𝑌) − 𝜂ଶ(𝑌) + 𝜂ଷ(𝑌)]𝜋(𝑋) = [𝜂ଵ(𝑋) − 𝜂ଶ(𝑋) + 𝜂ଷ(𝑋)]𝜋(𝑌). 

3. Curvature tensor of 𝑴𝒏 with respect to semi-symmetric non-metric connection 𝑫ഥ  

Analogous to the definition of curvature tensor of a Riemannian manifold 𝑀௡  with respect to the 
Riemannian connection 𝐷, we define the curvature tensor of 𝑀௡ with respect to semi-symmetric non-
metric connection  𝐷ഥ by 

𝑅ത(𝑋, 𝑌)𝑍 = 𝐷ഥ௑𝐷ഥ௒𝑍 − 𝐷ഥ௒𝐷ഥ௑𝑍 −  𝐷ഥ[௑,௒]𝑍.                       (3.1) 

From (2.1) and (3.1), we get 

𝑅ത(𝑋, 𝑌)𝑍 = 𝐷ഥ௑[𝜂ଵ(𝑍)𝑌 + 𝜂ଶ(𝑌)𝑍 + 𝜂ଷ(𝑍)𝑌 − 𝑔(𝑌, 𝑍)𝜉ଵ + 𝑔(𝑌, 𝑍)𝜉ସ] − 

𝐷ഥ௒[𝜂ଵ(𝑍)𝑋 + 𝜂ଶ(𝑋)𝑍 + 𝜂ଷ(𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝜉ଵ + 𝑔(X, 𝑍)𝜉ସ]  − 

[𝐷[௑,௒]𝑍+𝜂ଵ(𝑍)[𝑋, 𝑌] + 𝜂ଶ([𝑋, 𝑌])𝑍 + 𝜂ଷ(𝑍)[𝑋, 𝑌] − 

𝑔([𝑋, 𝑌], 𝑍)𝜉ଵ + 𝑔([𝑋, 𝑌], 𝑍)𝜉ସ]  .       

After a long calculation, we get 

𝑅ത(𝑋, 𝑌)𝑍 =  𝑅(𝑋, 𝑌)𝑍 + 𝛼(𝑋, 𝑍)𝑌 − 𝛼(𝑌, 𝑍)𝑋 + 𝛽(𝑋, 𝑍)𝑌 − 𝛽(𝑌, 𝑍)𝑋 

−𝑔(𝑌, 𝑍)𝐴𝑋 + 𝑔(𝑋, 𝑍)𝐴𝑌 + 𝑔(𝑌, 𝑍)𝐸𝑋 − 𝑔(𝑋, 𝑍)𝐸𝑌 

+𝛾(𝑌, 𝑍)𝑋 − 𝛾(𝑋, 𝑍)𝑌 + 𝑑𝜂ଶ(𝑋, 𝑌)𝑍.                                                              (3.2) 

where  

𝑅(𝑋, 𝑌)𝑍 = 𝐷௑D௒𝑍 −  𝐷௒𝐷௑𝑍 −  𝐷[௑,௒]𝑍 

is the curvature tensor of a Riemannian manifold 𝑀 with respect to Riemannian connection 𝐷 and 

𝛼(𝑋, 𝑍) = 𝑔(𝐴𝑋, 𝑍) = (𝐷௑𝜂ଵ)(𝑍) − 𝜂ଵ(𝑋)𝜂ଵ(𝑍) +
ଵ

ଶ
𝑔(𝑋, 𝑍)𝜂ଵ(𝜉ଵ) −

ଵ

ଶ
𝑔(𝑋, 𝑍)𝜂ଵ(𝜉ସ),       (3.3) 

𝛽(𝑋, 𝑍) = 𝑔(𝐵𝑋, 𝑍) = (𝐷௑𝜂ଷ)(𝑍) − 𝜂ଷ(𝑋)𝜂ଷ(𝑍) +
ଵ

ଶ
𝑔(𝑋, 𝑍)𝜂ଷ(𝜉ଵ) −

ଵ

ଶ
𝑔(𝑋, 𝑍)𝜂ଷ(𝜉ସ),     (3.4) 
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𝛾(𝑋, 𝑍) = 𝑔(𝐶𝑋, 𝑍) = 𝜂ଵ(𝑋)𝜂ଷ(𝑍) + 𝜂ଷ(𝑋)𝜂ଵ(𝑍) −
ଵ

ଶ
𝑔(𝑋, 𝑍)𝜂ଷ(𝜉ଵ),                              (3.5) 

𝛿(𝑋, 𝑍) = 𝑔(𝐸𝑋, 𝑍) = (𝐷௑𝜂ସ)(𝑍) − 𝜂ଵ(𝑋)𝜂ସ(𝑍) + 𝜂ଵ(𝑍)𝜂ସ(𝑋) + 𝜂ସ(𝑋)𝜂ସ(𝑍),                 (3.6) 

𝐴𝑋 = 𝐷௑𝜉ଵ − 𝜂ଵ(𝑋)𝜉ଵ +
ଵ

ଶ
𝜂ଵ(𝜉ଵ)𝑋 −

ଵ

ଶ
𝜂ଵ(𝜉ସ)𝑋,                     (3.7) 

𝐵𝑋 = 𝐷௑𝜉ଷ − 𝜂ଷ(𝑋)𝜉ଷ +
ଵ

ଶ
𝜂ଷ(𝜉ଵ)𝑋 −

ଵ

ଶ
𝜂ଷ(𝜉ସ)𝑋,                     (3.8) 

𝐶𝑋 = 𝜂ଵ(𝑋)𝜉ଷ + 𝜂ଷ(𝑋)𝜉ଵ −
ଵ

ଶ
𝜂ଷ(𝜉ଵ)𝑋,                         (3.9) 

and 𝐸𝑋 = 𝐷௑𝜉ସ − 𝜂ଵ(𝑋)𝜉ସ + 𝜂ସ(𝑋)𝜉ଵ + 𝜂ସ(𝑋)𝜉ସ −
ଵ

ଶ
𝜂ଵ(𝜉ସ)𝑋.                (3.10) 

In view of (3.3), (3.4), (3.5) and (3.6), we get 

𝛼(𝑋, 𝑍) − 𝛼(𝑍, 𝑋) = 𝑑𝜂ଵ(𝑋, 𝑍),                                                                                (3.11) 

𝛽(𝑋, 𝑍) − 𝛽(𝑍, 𝑋) = 𝑑𝜂ଷ(𝑋, 𝑍),                                                                                (3.12) 

𝛾(𝑋, 𝑍) − 𝛾(𝑍, 𝑋) = 0,                                                                                             (3.13) 

and 𝛿(𝑋, 𝑍) − 𝛿(𝑍, 𝑋) = 𝑑𝜂ସ(𝑋, 𝑍).                                                                                (3.14) 

From (3.11), (3.12) and (3.14), we can say that tensor 𝛼, 𝛽 and 𝛿 are symmetric if and only if 1-form  
𝜂ଵ, 𝜂ଷ and 𝜂ସ are closed where as tensor 𝛾 is symmetric. 

Let  

′𝑅(𝑋, 𝑌, 𝑍, 𝑊) = 𝑔(𝑅(𝑋, 𝑌)𝑍, 𝑊) and ′ 𝑅ത(𝑋, 𝑌, 𝑍, 𝑊) = 𝑔(𝑅ത(𝑋, 𝑌)𝑍, 𝑊),                (3.15) 

for the arbitrary vector fields 𝑋, 𝑌, 𝑍 and 𝑊 on manifold. 

From (3.2) and (3.15), we get 

′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊) = ′𝑅(𝑋, 𝑌, 𝑍, 𝑊) + 𝛼(𝑋, 𝑍)𝑔(𝑌, 𝑊) − 𝛼(𝑌, 𝑍)𝑔(𝑋, 𝑊) + 

𝛽(𝑋, 𝑍)𝑔(𝑌, 𝑊) − 𝛽(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑔(𝑌, 𝑍)𝛼(𝑋, 𝑊) + 

𝑔(𝑋, 𝑍)𝛼(𝑌, 𝑊) + 𝑔(𝑌, 𝑍)𝛿(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝛿(𝑌, 𝑊) + 

𝛾(𝑌, 𝑍)𝑔(𝑋, 𝑊 − 𝛾(𝑋, 𝑍)𝑔(𝑌, 𝑊) + 𝑑𝜂ଶ(𝑋, 𝑌)𝑔(𝑍, 𝑊).                         (3.16) 

From (3.16), we have 

′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊)+ᇱ𝑅ത(𝑌, 𝑋, 𝑍, 𝑊) = [𝑑𝜂ଶ(𝑋, 𝑌) + 𝑑𝜂ଶ(𝑌, 𝑋)]𝑔(𝑍, 𝑊),            (3.17) 

′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊)+ᇱ𝑅ത(𝑋, 𝑌, 𝑊, 𝑍) = [𝛽(𝑋, 𝑍) + 𝛿(𝑋, 𝑍) − 𝛾(𝑋, 𝑍)]𝑔(𝑌, 𝑊) + 

[𝛽(𝑋, 𝑊) + 𝛿(𝑋, 𝑊) − 𝛾(𝑋, 𝑊)]𝑔(𝑌, 𝑍) − 

[𝛽(𝑌, 𝑍) + 𝛿(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)]𝑔(𝑋, 𝑊) − 

[𝛽(𝑌, 𝑊) + 𝛿(𝑌, 𝑊) − 𝛾(𝑌, 𝑊)]𝑔(𝑋, 𝑍),                       (3.18)  

′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊)−ᇱ𝑅ത(𝑍, 𝑊, 𝑋, 𝑌) = [𝑑𝜂ଵ(𝑋, 𝑍)𝑔(𝑌, 𝑊) − 𝑑𝜂ଵ(𝑌, 𝑍)𝑔(𝑋, 𝑊)],                     (3.19) 

′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊) + ′𝑅ത(𝑌, 𝑍, 𝑋, 𝑊) + ′𝑅ത(𝑍, 𝑋, 𝑌, 𝑊) = [𝑑𝜂ଵ(X, 𝑍)𝑔(𝑌, 𝑊) + 𝑑𝜂ଵ(𝑌, 𝑋)𝑔(𝑍, 𝑊) 

+𝑑𝜂ଵ(𝑍, 𝑌)𝑔(𝑋, 𝑊)] + [𝑑𝜂ଶ(𝑍, 𝑋)𝑔(𝑌, 𝑊) 

+𝑑𝜂ଶ(𝑋, 𝑌)𝑔(𝑍, 𝑊) + 𝑑𝜂ଶ(𝑌, 𝑍)𝑔(𝑋, 𝑊)] + 

   [𝑑𝜂ଷ(𝑋, 𝑍)𝑔(𝑌, 𝑊) + 𝑑𝜂ଷ(𝑌, 𝑋)𝑔(𝑍, 𝑊) + 

𝑑𝜂ଷ(𝑍, 𝑌)𝑔(𝑋, 𝑊) .                                 (3.20)  
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Analogous to the definition of Ricci tensor of Riemannian manifold 𝑀௡ with respect to the Riemannian 
connection𝐷, we define Ricci tensor 𝑅ത𝑖𝑐 of 𝑀௡ with respect to semi-symmetric non-metric connection 
𝐷ഥby the expression 

𝑅ത𝑖𝑐(𝑌, 𝑍) = ∑ ′𝑅ത௡
௜ୀଵ (𝐸௜  , 𝑌, 𝑍, 𝐸௜)                   (3.21) 

where𝐸௜′𝑠, 1 ≤  𝑖 ≤  𝑛, orthonormal vector fields on 𝑀௡. From (3.16) and (3.21), we get 

𝑅ത𝑖𝑐(𝑌, 𝑍) = 𝑅𝑖𝑐(𝑌, 𝑍) − (𝑛 − 2)𝛼(𝑌, 𝑍) − (𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] − 

𝛿(𝑌, 𝑍) − (𝑎 − 𝑏)𝑔(𝑌, 𝑍) + 𝑑𝜂ଶ(𝑌, 𝑍),                   (3.22) 

where 𝑎 = 𝑡𝑟𝑎𝑐𝑒𝐴, 𝑏 = 𝑡𝑟𝑎𝑐𝑒𝐸  and 𝑅𝑖𝑐(𝑌, 𝑍) = ∑ 𝑅௡
௜ୀଵ (𝐸௜  , 𝑌, 𝑍, 𝐸௜)  is the Ricci tensor of 𝑀௡  with 

respect to the Riemannian connection. A relation between Ricci tensor 𝑅ത𝑖𝑐  with respect to semi-
symmetric non-metric connection 𝐷ഥ and the Riemannian connection 𝐷 is given by (3.22). 

        From (3.22) it follows that the Ricci tensor 𝑅ത𝑖𝑐 is symmetric if and only if   

0 = 𝛼(𝑌, 𝑍) − (𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] − 𝛿(𝑌, 𝑍) − (𝑎 − 𝑏)𝑔(𝑌, 𝑍) + 𝑑𝜂ଶ(𝑌, 𝑍).      (3.23) 

Again, from (3.22), we get 

𝑅ത𝑖𝑐(𝑌, 𝑍) + 𝑅ത𝑖𝑐(𝑍, 𝑌) = 2𝑅𝑖𝑐(𝑌, 𝑍) − (𝑛 − 2)[𝛼(𝑌, 𝑍) + 𝛼(𝑍, 𝑌)] + 

(𝑛 − 1)[𝛽(𝑌, 𝑍) + 𝛽(𝑍, 𝑌)] − [𝛿(𝑌, 𝑍) + 𝛿(𝑍, 𝑌)] − 

2𝛾(𝑌, 𝑍) − 2(𝑎 − 𝑏)𝑔(𝑌, 𝑍) + [𝑑𝜂ଶ(𝑌, 𝑍) + 𝑑𝜂ଶ(𝑍, 𝑌)].         (3.24) 

Analogous to the definition of scalar curvature of Riemannian manifold 𝑀௡  with respect to the 
Riemannian connection𝐷, we define scalar curvature 𝑟 of 𝑀௡ with respect to semi-symmetric non-metric 
connection 𝐷ഥby   

𝑟̅ = ∑ 𝑅ത𝑖𝑐௡
௜ୀଵ (𝐸௜ , 𝐸௜)                                 (3.25) 

From (3.22) and (3.25), we get 

𝑟̅ = 𝑟 − (𝑛 − 1)[2𝑎 + 𝑏 − 𝑐 + 𝑑],                                                  (3.24)  

where𝑐 = 𝑡𝑟𝑎𝑐𝑒𝐵, 𝑑 = 𝑡𝑟𝑎𝑐𝑒𝐶 and 𝑟 = ∑ 𝑅𝑖𝑐௡
௜ୀଵ (𝐸௜  , 𝐸௜) is the scalar curvature of Riemannian manifold 

𝑀௡ with respect to the Riemannian connection𝐷. 

In consequences of (3.16), (3.17), (3.18), (3.19), (3.20), (3.22), (3.23), (3.24) and (3.26), we can state the 
following theorem: 

Theorem (3.1): For a Riemannian manifold (𝑀௡, 𝑔) admitting semi-symmetric non-metric connection 

𝐷ഥ 

(i) The curvature tensor 𝑅ത of 𝐷ഥ is given by (3.2) 

(ii) ′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊)+ᇱ𝑅ത(𝑌, 𝑋, 𝑍, 𝑊) = 0, if and only if 1-form 𝜂ଶ is closed, 

(iii) ′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊)+ᇱ𝑅ത(𝑋, 𝑌, 𝑊, 𝑍) ≠ 0, 

(iv) ′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊)−ᇱ𝑅ത(𝑍, 𝑊, 𝑋, 𝑌) = 0, if and only if 1-form 𝜂ଵ is closed, 

(v) ′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊) + ′𝑅ത(𝑌, 𝑍, 𝑋, 𝑊) + ′𝑅ത(𝑍, 𝑋, 𝑌, 𝑊) = 0, if and only if 1-form 𝜂ଵ, 𝜂ଶ and 𝜂ଷ are 
closed, 

(vi) The Ricci tensor 𝑅ത𝑖𝑐 of 𝐷ഥ is given by (3.22), 
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(vii) The Ricci tensor 𝑅ത𝑖𝑐 is symmetric if and only if   

𝛼(𝑌, 𝑍) − (𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] − 𝛿(𝑌, 𝑍) − (𝑎 − 𝑏)𝑔(𝑌, 𝑍) + 𝑑𝜂ଶ(𝑌, 𝑍) = 0, 

(viii) The Ricci tensor 𝑅ത𝑖𝑐 is skew symmetric if and only if   

(ix) 2𝑅𝑖𝑐(𝑌, 𝑍) = (𝑛 − 2)[𝛼(𝑌, 𝑍) + 𝛼(𝑍, 𝑌)] − (𝑛 − 1)[𝛽(𝑌, 𝑍) + 𝛽(𝑍, 𝑌)] + 

[𝛿(𝑌, 𝑍) + 𝛿(𝑍, 𝑌)] + 2𝛾(𝑌, 𝑍) + 2(𝑎 − 𝑏)𝑔(𝑌, 𝑍) − [𝑑𝜂ଶ(𝑌, 𝑍) + 𝑑𝜂ଶ(𝑍, 𝑌)],  

(x) The scalar curvature 𝑟̅ of 𝐷ഥ  is given by (3.26), 

(xi) The necessary and sufficient condition for the scalar curvature 𝑟̅  and 𝑟  to coincide is that  
2𝑎 + 𝑏 − 𝑐 + 𝑑 = 0. 

4. Projective curvature tensor of a Riemannian manifold with respect to semi-symmetric 
non-metric connection 𝑫ഥ  

The Projective curvature tensor of the manifold of the type (1,3) with respect to semi-symmetric non-
metric connection 𝐷ഥ is given by  

𝑃ത(𝑋, 𝑌)𝑍 = 𝑅ത(𝑋, 𝑌)𝑍 −
ଵ

௡ିଵ
 [𝑅ത𝑖𝑐(𝑌, 𝑍)𝑋 − 𝑅ത𝑖𝑐(𝑋, 𝑍)𝑌 ].                                (4.1) 

From (3.2), (3.22) and (4.1) it follows that 

𝑃ത(𝑋, 𝑌)𝑍 = 𝑃(𝑋, 𝑌)𝑍 − 2 [{𝛽(𝑌, 𝑍)𝑋 − 𝛽(𝑋, 𝑍)𝑌} − {𝛾(𝑌, 𝑍)𝑋 − 𝛾(𝑋, 𝑍)𝑌}] − 

𝑔(𝑌, 𝑍)𝐴𝑋 + 𝑔(𝑋, 𝑍)𝐴𝑌 + 𝑔(𝑌, 𝑍)𝐸𝑋 − 𝑔(𝑋, 𝑍)𝐸𝑌 + 

1

𝑛 − 1
[(𝑛 − 1)𝑑𝜂ଶ(𝑋, 𝑌)𝑍 − 𝑑𝜂ଶ(𝑌, 𝑍)𝑋 + 𝑑𝜂ଶ(𝑋, 𝑍)𝑌 + 

𝛿(𝑌, 𝑍)𝑋 − 𝛿(𝑋, 𝑍)𝑌 + (𝑎 − 𝑏){𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌}],                               (4.2) 

where𝑃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 −
ଵ

௡ିଵ
 [𝑅𝑖𝑐(𝑌, 𝑍)𝑋 − 𝑅𝑖𝑐(𝑋, 𝑍)𝑌 ]  is the projective curvature tensor with 

respect to 𝐷 (Mishra,1984) .         

If 𝑃ത(𝑋, 𝑌)𝑍 = 𝑃(𝑋, 𝑌)𝑍, then from (4.2), we get 

2 [{𝛽(𝑌, 𝑍)𝑋 − 𝛽(𝑋, 𝑍)𝑌} − {𝛾(𝑌, 𝑍)𝑋 − 𝛾(𝑋, 𝑍)𝑌}] + 

𝑔(𝑌, 𝑍)𝐴𝑋 − 𝑔(𝑋, 𝑍)𝐴𝑌 − 𝑔(𝑌, 𝑍)𝐸𝑋 + 𝑔(𝑋, 𝑍)𝐸𝑌 − 

 
ଵ

௡ିଵ
[(𝑛 − 1)𝑑𝜂ଶ(𝑋, 𝑌)𝑍 − 𝑑𝜂ଶ(𝑌, 𝑍)𝑋 + 𝑑𝜂ଶ(𝑋, 𝑍)𝑌 + 

𝛿(𝑌, 𝑍)𝑋 − 𝛿(𝑋, 𝑍)𝑌 + (𝑎 − 𝑏){𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌}] = 0.                                            (4.3) 

Contracting (4.3) with respect to 𝑋, we get 

𝛼(𝑌, 𝑍) + 2(𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] + (𝑎 − 𝑏 − 𝑛 + 1)𝑔(𝑌, 𝑍) = 0. 

Theorem (4.1): A necessary condition for the projective curvature tensor 𝑃 of the manifold (𝑀௡, 𝑔) 
with respect to the Levi-Civita connection 𝐷  and projective curvature tensor 𝑃ത  of the manifold with 
respect to the semi-symmetric non-metric connection to be equal is that 

𝛼(𝑌, 𝑍) + 2(𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] + (𝑎 − 𝑏 − 𝑛 + 1)𝑔(𝑌, 𝑍) = 0. 

         From (4.2), we have 

𝑃ത(𝑋, 𝑌)𝑍 + 𝑃ത(𝑌 , 𝑋)𝑍 = 0,             (4.4)  
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and 

𝑃ത(𝑋, 𝑌)𝑍 + 𝑃ത(𝑌, 𝑍)𝑋 + 𝑃ത(𝑍, 𝑋)𝑌 = −2[𝜂ଷ(𝑋, 𝑌)𝑍 + 𝜂ଷ(𝑌, 𝑍)𝑋 + 𝜂ଷ(𝑍, 𝑋)𝑌] + 

    𝜂ଶ(𝑋, 𝑌)𝑍 + 𝜂ଶ(𝑌, 𝑍)𝑋 + 𝜂ଶ(𝑍, 𝑋)𝑌 + 

ଵ

௡ିଵ
[𝜂ସ(𝑋, 𝑌)𝑍 + 𝜂ସ(𝑌, 𝑍)𝑋 + 𝜂ସ(𝑍, 𝑋)𝑌].                  (4.5) 

Hence, we have the following theorem: 

Theorem (4.2): The projective curvature tensor 𝑃ത with respect to 𝐷ഥ  satisfies the following algebraic 
properties: 

𝑃ത(𝑋, 𝑌)𝑍 + 𝑃ത(𝑌 , 𝑋)𝑍 = 0, i.e. skew symmetric in first pair of slots  

and 

Cyclic sum of projective curvature tensor 𝑃ത is equal to zero if and only if 1-form 𝜂ଶ, 𝜂ଷ and 𝜂ସ are 
closed. 

Let  

𝑅ത(𝑋, 𝑌)𝑍 = 0,                                        (4.6) 

𝑅ത𝑖𝑐(𝑌, 𝑍) = 0.                                      (4.7) 

Hence, in view of (4.1), (4.6) and (4.7), we get 

𝑃ത(𝑋, 𝑌)𝑍 = 0.                                        (4.8) 

From (4.2) and (4.8), we get 

𝑃(𝑋, 𝑌)𝑍 = 2 [{𝛽(𝑌, 𝑍)𝑋 − 𝛽(𝑋, 𝑍)𝑌} − {𝛾(𝑌, 𝑍)𝑋 − 𝛾(𝑋, 𝑍)𝑌}] + 

[𝑔(𝑌, 𝑍)𝐴𝑋 − 𝑔(𝑋, 𝑍)𝐴𝑌 − 𝑔(𝑌, 𝑍)𝐸𝑋 + 𝑔(𝑋, 𝑍)𝐸𝑌] − 

1

𝑛 − 1
[(𝑛 − 1)𝑑𝜂ଶ(𝑋, 𝑌)𝑍 − 𝑑𝜂ଶ(𝑌, 𝑍)𝑋 + 𝑑𝜂ଶ(𝑋, 𝑍)𝑌 + 

𝛿(𝑌, 𝑍)𝑋 − 𝛿(𝑋, 𝑍)𝑌 + (𝑎 − 𝑏){𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌}].                               (4.9) 

Let us consider  

𝑃(𝑋, 𝑌)𝑍 = 0.                      (4.10) 

Hence in view of (4.9) and (4.10), we get 

2 [{𝛽(𝑌, 𝑍)𝑋 − 𝛽(𝑋, 𝑍)𝑌} − {𝛾(𝑌, 𝑍)𝑋 − 𝛾(𝑋, 𝑍)𝑌}] + 

[𝑔(𝑌, 𝑍)𝐴𝑋 − 𝑔(𝑋, 𝑍)𝐴𝑌 − 𝑔(𝑌, 𝑍)𝐸𝑋 + 𝑔(𝑋, 𝑍)𝐸𝑌] − 

1

𝑛 − 1
[(𝑛 − 1)𝑑𝜂ଶ(𝑋, 𝑌)𝑍 − 𝑑𝜂ଶ(𝑌, 𝑍)𝑋 + 𝑑𝜂ଶ(𝑋, 𝑍)𝑌 + 

𝛿(𝑌, 𝑍)𝑋 − 𝛿(𝑋, 𝑍)𝑌 + (𝑎 − 𝑏){𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌}] = 0.                 (4.11) 

Contraction (4.11), we get 

𝛼(𝑌, 𝑍) + 2(𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] + (𝑎 − 𝑏 − 𝑛 + 1)𝑔(𝑌, 𝑍) = 0.               (4.12)                     

Theorem (4.3): A necessary condition for the projective curvature tensor 𝑃 of the manifold (𝑀௡, 𝑔) 
with respect to the Levi-Civita connection 𝐷 flat if  
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𝛼(𝑌, 𝑍) + 2(𝑛 − 1)[𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍)] + (𝑎 − 𝑏 − 𝑛 + 1)𝑔(𝑌, 𝑍) = 0. 

5. Conformal curvature tensor of a Riemannian manifold with respect to semi-symmetric 
non-metric connection 𝑫ഥ  

The Conformal curvature tensor of the manifold of the type (1,3) with respect to Levi-Civita connection 
𝐷 is given by (Mishra, 1984) 

𝐶ሚ(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 −
1

𝑛 − 1
[𝑅𝑖𝑐(𝑌, 𝑍)𝑋 − 𝑅𝑖𝑐(𝑋, 𝑍)𝑌 + 𝑔(𝑌, 𝑍)𝑅𝑋 − 𝑔(𝑋, 𝑍)𝑅𝑌] + 

௥

(௡ିଵ)(௡ିଶ)
[𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌].                                                         (5.1) 

Equation (5.1) can be written as  

′𝐶ሚ(𝑋, 𝑌, 𝑍, 𝑊) = 𝑅(𝑋, 𝑌, 𝑍, 𝑊) −
1

𝑛 − 1
[𝑅𝑖𝑐(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑅𝑖𝑐(𝑋, 𝑍)𝑔(𝑌, 𝑊) 

+ 𝑔(𝑌, 𝑍)𝑅𝑖𝑐(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑅𝑖𝑐(𝑌, 𝑊)] + 

௥

(௡ିଵ)(௡ିଶ)
[𝑔(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊)].                     (5.2) 

where ′𝐶ሚ(𝑋, 𝑌, 𝑍, 𝑊) = 𝑔(𝐶ሚ(𝑋, 𝑌)𝑍, 𝑊) and 𝑔(𝑅𝑋, 𝑌) = 𝑅𝑖𝑐(𝑋, 𝑌) 

Similarly, we define Conformal curvature tensor of the manifold with respect to semi-symmetric non-
metric connection 𝐷ഥ of type (0,4) by the expression: 

′𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) = ′𝑅ത(𝑋, 𝑌, 𝑍, 𝑊) −
1

𝑛 − 1
[𝑅ത𝑖𝑐(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑅ത𝑖𝑐(𝑋, 𝑍)𝑔(𝑌, 𝑊) 

+ 𝑔(𝑌, 𝑍)𝑅ത𝑖𝑐(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑅ത𝑖𝑐(𝑌, 𝑊)] + 

௥̅

(௡ିଵ)(௡ିଶ)
[𝑔(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊)].                     (5.3) 

where ′𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) = 𝑔(𝐶ሚ̅(𝑋, 𝑌)𝑍, 𝑊). 

From (3.16), (3.22), (3.26), (5.2), and (5.3), we have 

′𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) = ′𝐶ሚ(𝑋, 𝑌, 𝑍, 𝑊) +
1

𝑛 − 2
[{𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍) − (𝑛 − 1)𝛿(𝑌, 𝑍) + 

𝑑𝜂ଶ(𝑌, 𝑍)}𝑔(𝑋, 𝑊) + {−𝛽(𝑋, 𝑍) + 𝛾(𝑋, 𝑍) + (𝑛 − 1)𝛿(𝑋, 𝑍) − 

𝑑𝜂ଶ(𝑋, 𝑍)}𝑔(𝑌, 𝑊)} + {(𝑛 − 1)𝛽(𝑋, 𝑊) − (𝑛 − 1)𝛾(𝑋, 𝑊) + 

𝛿(𝑋, 𝑊) + 𝑑𝜂ଶ(𝑋, 𝑊)}𝑔(𝑌, 𝑍)} + {−(𝑛 − 1)𝛽(𝑌, 𝑊) + 

(𝑛 − 1)𝛾(𝑌, 𝑊) − 𝛿(𝑌, 𝑊) − 𝑑𝜂ଶ(𝑌, 𝑊)}𝑔(𝑋, 𝑍)}] + 

ସ௔ି௕ି௖ିௗ

(௡ିଶ)
[𝑔(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊)].                    (5.4) 

If ′𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) = ′𝐶ሚ(𝑋, 𝑌, 𝑍, 𝑊), then from (5.4), we get 

1

𝑛 − 2
[{𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍) − (𝑛 − 1)𝛿(𝑌, 𝑍) + 𝑑𝜂ଶ(𝑌, 𝑍)}𝑔(𝑋, 𝑊) + 

{−𝛽(𝑋, 𝑍) + 𝛾(𝑋, 𝑍) + (𝑛 − 1)𝛿(𝑋, 𝑍) − 𝑑𝜂ଶ(𝑋, 𝑍)}𝑔(𝑌, 𝑊)} + 
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{(𝑛 − 1)𝛽(𝑋, 𝑊) − (𝑛 − 1)𝛾(𝑋, 𝑊) + 𝛿(𝑋, 𝑊) + 𝑑𝜂ଶ(𝑋, 𝑊)}𝑔(𝑌, 𝑍)} + 

{−(𝑛 − 1)𝛽(𝑌, 𝑊) + (𝑛 − 1)𝛾(𝑌, 𝑊) − 𝛿(𝑌, 𝑊) − 𝑑𝜂ଶ(𝑌, 𝑊)}𝑔(𝑋, 𝑍)}] + 

ସ௔ି௕ି௖ିௗ

(௡ିଶ)
[𝑔(𝑌, 𝑍)𝑔(𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊)] = 0.                                            (5.5) 

Contraction (5.5), we get 

𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍) − [(𝑛 − 1)ଶ + 1]𝛿(𝑌, 𝑍) + (𝑛 − 2)𝑑𝜂ଶ(𝑌, 𝑍) 

+(4𝑎 − 𝑏 − 𝑐 − 𝑑)𝑔(𝑌, 𝑍) = 0. 

Hence, we can state the following theorem: 

Theorem (5.1): A necessary condition for the Conformal curvature tensor ′𝐶ሚ of the manifold (𝑀௡, 𝑔) 
with respect to the Levi-Civita connection 𝐷 flat if  

𝛽(𝑌, 𝑍) − 𝛾(𝑌, 𝑍) − [(𝑛 − 1)ଶ + 1]𝛿(𝑌, 𝑍) + (𝑛 − 2)𝑑𝜂ଶ(𝑌, 𝑍) 

+(4𝑎 − 𝑏 − 𝑐 − 𝑑)𝑔(𝑌, 𝑍) = 0. 

 From (5.4), we have 

𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) + 𝐶ሚ̅(𝑌, 𝑋, 𝑍, 𝑊) = 0,            (5.6)  

𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) + 𝐶ሚ̅(𝑋, 𝑌, 𝑊, 𝑍) = [−𝛽(𝑌, 𝑍) + 𝛾(𝑌, 𝑍) + 𝛿(𝑌, 𝑍)]𝑔(𝑋, 𝑊) + 

[𝛽(𝑋, 𝑍) − 𝛾(𝑋, 𝑍) − 𝛿(𝑋, 𝑍)]𝑔(𝑌, 𝑊) + 

[𝛽(𝑋, 𝑊) − 𝛾(𝑋, 𝑊) − 𝛿(𝑋, 𝑊)]𝑔(𝑌, 𝑍) + 

[−𝛽(𝑌, 𝑊) + 𝛾(𝑌, 𝑊) + 𝛿(𝑌, 𝑊)]𝑔(𝑋, 𝑍),           (5.7)  

and 

𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) + 𝐶ሚ̅(𝑌, 𝑍, 𝑋, 𝑊) + 𝐶ሚ̅(𝑍, 𝑋, 𝑌, 𝑊) =
1

𝑛 − 2
[{𝑑𝜂ଷ(𝑌, 𝑍) + (𝑛 − 1)𝑑𝜂ସ(𝑌, 𝑍)}𝑔(𝑋, 𝑊) 

     {𝑑𝜂ଷ(𝑍, 𝑋) + (𝑛 − 1)𝑑𝜂ସ(𝑍, 𝑋)}𝑔(𝑌, 𝑊) + 

{𝑑𝜂ଷ(𝑋, 𝑌) + (𝑛 − 1)𝑑𝜂ସ(𝑋, 𝑌)}𝑔(𝑍, 𝑊) + 

{𝑑𝜂ସ(𝑋, 𝑊) + (𝑛 − 1)𝑑𝜂ଷ(𝑋, 𝑊)}𝑔(𝑌, 𝑍) + 

{𝑑𝜂ସ(𝑌, 𝑊) + (𝑛 − 1)𝑑𝜂ଷ(𝑌, 𝑊)}𝑔(𝑋, 𝑍) + 

{𝑑𝜂ସ(𝑍, 𝑊) + (𝑛 − 1)𝑑𝜂ଷ(𝑍, 𝑊)}𝑔(𝑋, 𝑌)].(5.8) 

Theorem (5.2): The Conformal curvature tensor𝐶ሚ̅ with respect to 𝐷ഥ satisfies the following algebraic 
properties: 

(i) 𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) + 𝐶ሚ̅(𝑌, 𝑋, 𝑍, 𝑊) = 0, i.e. skew symmetric in first pair of slots, 

(ii) 𝐶ሚ̅(𝑋, 𝑌, 𝑍, 𝑊) + 𝐶ሚ̅(𝑋, 𝑌, 𝑊, 𝑍) = [−𝛽(𝑌, 𝑍) + 𝛾(𝑌, 𝑍) + 𝛿(𝑌, 𝑍)]𝑔(𝑋, 𝑊) + 

[𝛽(𝑋, 𝑍) − 𝛾(𝑋, 𝑍) − 𝛿(𝑋, 𝑍)]𝑔(𝑌, 𝑊) + 

[𝛽(𝑋, 𝑊) − 𝛾(𝑋, 𝑊) − 𝛿(𝑋, 𝑊)]𝑔(𝑌, 𝑍) + 

[−𝛽(𝑌, 𝑊) + 𝛾(𝑌, 𝑊) + 𝛿(𝑌, 𝑊)]𝑔(𝑋, 𝑍),  

and 
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(iii) Cyclic sum of Conformal curvature tensor 𝐶ሚ̅ is equal to zero if and only if 1-form 𝜂ଵ, 𝜂ଶ, 𝜂ଷ 
and 𝜂ସ are closed. 

6. Hypersurfaces of a Riemannian manifold with respect to semi-symmetric non-metric 
connection 

Let 𝑀௡ାଵ  be an (n+1)-dimensional differentiable manifold of class 𝐶ஶ  and 𝑀௡  be n-dimensional 
differentiable manifold immersed in 𝑀௡ାଵ by a differentiable immersion 𝑖: 𝑀௡ → 𝑀௡ାଵ. We identify the 
image 𝑖(𝑀௡) with 𝑀௡ is called hypersurface of 𝑀௡ାଵ. We denote the differential 𝑑𝑖 of the immersion 𝑖by 
𝐵, so that a vector field 𝑋 in 𝑀௡  there corresponds a vector 𝐵𝑋 is 𝑀௡ାଵ . We assume that the metric 
tensor 𝑔̅ defined by 

𝑔(𝑋, 𝑌) = 𝑔̅(𝐵𝑋, 𝐵𝑌),                                                   (6.1) 

∀ 𝑋, 𝑌 ∈ 𝜒(𝑀௡). 

If the Riemannian manifold 𝑀௡ and 𝑀௡ାଵ are both orientable we can choose a unique vector field 𝑁 
defined in 𝑀௡ so that  

𝑔̅(𝐵𝑋, 𝑁) = 0,                            (6.2)  

And  

𝑔̅(𝑁, 𝑁) = 0,                            (6.3)  

this vector field 𝑁 is called the unit normal vector field to the hypersurface 𝑀௡. 

         Let (𝑀௡ାଵ, 𝑔̅) be an (n+1)-dimensional Riemannian manifold. A linear connection 𝐷ഥ
଴

 is said to be a 
semi-symmetric non-metric connection if its torsion tensor 𝑇ത  satisfies  

 𝑇ത(𝑋ത, 𝑌ത) =  [𝜂̅ଵ(𝑌ത)𝑋 − 𝜂̅ଵ(𝑋ത)𝑌ത] + [𝜂̅ଶ(𝑋ത)𝑌ത − 𝜂̅ଶ(𝑌ത)𝑋ത] + [𝜂̅ଷ(𝑌ത)𝑋ത − 𝜂̅ଷ(𝑋ത)𝑌ത],                  (6.4) 

and 

ቆ𝐷ഥ
଴

௑ത𝑔̅ቇ (𝑌ത, 𝑍̅) = −2𝜂̅ଶ(𝑋ത)𝑔(𝑌ത, 𝑍̅) − [𝜂̅ଷ(𝑌ത)𝑔(𝑋ത, 𝑍̅) + 𝜂̅ଷ(𝑍̅)𝑔(𝑋ത, 𝑌ത)] − 

[𝜂̅ସ(𝑍̅)𝑔(𝑋ത, 𝑌ത) + 𝜂̅ସ(𝑌ത)𝑔(𝑋ത, 𝑍̅)].                     (6.5) 

for all 𝑋ത, 𝑌ത, 𝑍̅ ∈ 𝜒(𝑀௡ାଵ) , where 𝜂̅ଵ, 𝜂̅ଶ, 𝜂̅ଷ and 𝜂̅ସ  are four 1-forms associate with the vector fields 

𝜉ଵ̅, 𝜉ଶ̅, 𝜉ଷ̅ and 𝜉ସ̅  respectively by 

 𝑔൫𝑋ത, 𝜉ଵ̅൯ = 𝜂̅ଵ(𝑋ത),                         (6.6) 

𝑔൫𝑋ത, 𝜉ଶ̅൯ = 𝜂̅ଶ(𝑋ത),                         (6.7) 

𝑔൫𝑋ത, 𝜉ଷ̅൯ = 𝜂̅ଷ(𝑋ത),                         (6.8) 

and 

𝜂̅ସ(𝑋ത) = 𝑔൫𝑋ത, 𝜉ସ̅൯.                         (6.9) 

It assumed that the Riemannian manifold (𝑀௡ାଵ, 𝑔̅) admits a semi-symmetric non-metric connection 
given by  

𝐷ഥ
଴

௑ത𝑌ത = 𝐷
଴

௑ത𝑌ത + 𝜂̅ଵ(𝑌ത)𝑋ത + 𝜂̅ଶ(𝑋ത)𝑌ത + 𝜂̅ଷ(𝑌ത)𝑋ത − 𝑔̅(𝑋ത, 𝑌ത)𝜉ଵ̅ + 𝑔(𝑋ത, 𝑌ത)𝜉ସ̅,                           (6.10) 
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where𝐷
଴

 denotes the Levi-Civita connection with respect to the Riemannian metric 𝑔̅. 

Now, we put   

𝜉ଵ̅ = 𝐵𝜉ଵ + 𝜆𝑛,                                              (6.11) 

𝜉ଶ̅ = 𝐵𝜉ଶ + 𝜆𝑛,                                              (6.12) 

𝜉ଷ̅ = 𝐵𝜉ଷ + 𝜆𝑛,                                              (6.13) 

𝜉ସ̅ = 𝐵𝜉ସ + 𝜆𝑛,                                              (6.14) 

where𝜉ଵ, 𝜉ଶ, 𝜉ଷ and 𝜉ସ  are vector fields and 𝜆 is a function in 𝑀௡ . We denote by 𝐷 and 𝐷ഥ  connections 

induced on the hypersurface from 𝐷
଴

 and 𝐷ഥ
଴

 respectively with respect to the unite normal 𝑁. Thus we have  

𝐷
଴

஻௑𝐵𝑌 = 𝐵(𝐷௑𝑌) + ℎ(𝑋, 𝑌)𝑁,                                          (6.15)  

and 

𝐷ഥ
଴

஻௑𝐵𝑌 = 𝐵(𝐷ഥ௑𝑌) + 𝑚(𝑋, 𝑌)𝑁.                               (6.16) 

Here 𝑚 is a tensor field of the type (0,2) and ℎ is second fundamental tensor. From (6.10), we obtain 

𝐷ഥ
଴

஻௑𝐵𝑌 = 𝐷
଴

஻௑𝐵𝑌 + 𝜂̅ଵ(𝐵𝑌)𝐵𝑋 + 𝜂̅ଶ(𝐵𝑋)𝐵𝑌 + 𝜂̅ଷ(𝐵𝑌)𝐵𝑋 − 

𝑔̅(𝐵𝑋, 𝐵𝑌)𝜉ଵ̅ + 𝑔(𝐵𝑋, 𝐵𝑌)𝜉ସ̅.                                                          (6.17) 

From (6.16) and (6.17), we get 

𝐵(𝐷ഥ௑𝑌) + 𝑚(𝑋, 𝑌)𝑁 = 𝐷
଴

஻௑𝐵𝑌 + 𝜂̅ଵ(𝐵𝑌)𝐵𝑋 + 𝜂̅ଶ(𝐵𝑋)𝐵𝑌 + 

𝜂̅ଷ(𝐵𝑌)𝐵𝑋 − 𝑔̅(𝐵𝑋, 𝐵𝑌)𝜉ଵ̅ + 𝑔(𝐵𝑋, 𝐵𝑌)𝜉ସ̅.                                                         (6.18) 

Again from (6.15) and (6.18), we get 

𝐵(𝐷ഥ௑𝑌) + 𝑚(𝑋, 𝑌)𝑁 = 𝐵(𝐷௑𝑌) + ℎ(𝑋, 𝑌)𝑁 + 𝜂̅ଵ(𝐵𝑌)𝐵𝑋 + 𝜂̅ଶ(𝐵𝑋)𝐵𝑌 + 

𝜂̅ଷ(𝐵𝑌)𝐵𝑋 − 𝑔̅(𝐵𝑋, 𝐵𝑌)𝜉ଵ̅ + 𝑔(𝐵𝑋, 𝐵𝑌)𝜉ସ̅.                                                        (6.19) 

In view of (6.11), (6.12), (6.13), (6.14) and (6.19), we get 

𝐵(𝐷ഥ௑𝑌) + 𝑚(𝑋, 𝑌)𝑁 = 𝐵(𝐷௑𝑌) + ℎ(𝑋, 𝑌)𝑁 + 𝜂ଵ(𝑌)𝐵𝑋 + 𝜂ଶ(𝑋)𝐵𝑌 + 

𝜂ଷ(𝑌)𝐵𝑋 − 𝑔̅(𝐵𝑋, 𝐵𝑌)𝐵𝜉ଵ − 𝑔̅(𝐵𝑋, 𝐵𝑌)𝜆𝑁 + 

𝑔(𝐵𝑋, 𝐵𝑌)𝐵𝜉ସ + 𝑔̅(𝐵𝑋, 𝐵𝑌)𝜆𝑁,                                          (6.20)  

where we used 𝜂̅ଵ(𝐵𝑋) = 𝜂ଵ(𝑋), 𝜂̅ଶ(𝐵𝑋) = 𝜂ଶ(𝑋) and 𝜂̅ଷ(𝐵𝑋) = 𝜂ଷ(𝑋). 

Equating tangent and normal components from (6.20), we get 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 + 𝜂ଶ(𝑋)𝑌 + 𝜂ଷ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉ଵ + 𝑔(𝑋, 𝑌)𝜉ସ,                           (6.21)  

and 

𝑚(𝑋, 𝑌) = ℎ(𝑋, 𝑌) − 𝜆𝑔(𝑋, 𝑌).                     (6.22)  

In view of (6.21), we get 

 𝑇ത(𝑋, 𝑌) =  [𝜂ଵ(𝑌)𝑋 − 𝜂ଵ(𝑋)𝑌] + [𝜂ଶ(𝑋)𝑌 − 𝜂ଶ(𝑌)𝑋] + [𝜂ଷ(𝑌)𝑋 − 𝜂ଷ(𝑋)𝑌],               (6.23)  
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and 

(𝐷ഥ௑𝑔)(𝑌, 𝑍) = −2𝜂ଶ(𝑋)𝑔(𝑌, Z) − [𝜂ଷ(𝑌)𝑔(𝑋, 𝑍) + 𝜂ଷ(𝑍)𝑔(𝑋, 𝑌)] − 

[𝜂ସ(𝑍)𝑔(𝑋, 𝑌) + 𝜂ସ(𝑌)𝑔(𝑋, 𝑍)].                             (6.24) 

Hence, we can state the following theorem: 

Theorem (6.1): The connection induced on a hypersurface of a Riemannian manifold with semi-
symmetric non-metric connection with respect to the unit normal is also a semi-symmetric non-metric 
connection, provided that the associated vector fields are non-null on the hypersurface. 

          Moreover, let 𝑒ଵ, 𝑒ଶ, 𝑒ଷ, … , 𝑒௡  be n orthonormal local vector fields in 𝑀௡ . Then the functions 
ଵ

௡
∑ ℎ(𝑒௜ , 𝑒௜)௡

௜ୀଵ  and 
ଵ

௡
∑ 𝑚(𝑒௜, 𝑒௜)௡

௜ୀଵ  are called the mean curvatures of 𝑀௡ with respect to 𝐷  and 𝐷ഥ 

respectively. 

From (6.22) the following theorem follows: 

Theorem (6.2): In order that the mean curvature if 𝑀௡ with respect to 𝐷 and 𝐷ഥ be equal, it is necessary 
and sufficient condition that the vector fields  𝜉ଵ, 𝜉ଶ, 𝜉ଷ and 𝜉ସ are tangent to 𝑀௡. 

        If ℎ is proportional to 𝑔, then 𝑀௡ is totally umbilical with respect to 𝐷 and if 𝑚 is proportional to 𝑔, 
then 𝑀௡ id said to be totally umbilical with respect to 𝐷ഥ. 

Hence, from (6.22), we have  

Theorem (6.3): A hypersurface is totally umbilical with respect to the Levi-Civita connection 𝐷 if and 
only if it is totally umbilical also with respect to the semi-symmetric non-metric connection 𝐷ഥ.  

7. Example  

Let us consider the 4-dimensional manifold 𝑀 = {(𝑥, 𝑦, 𝑧, 𝑤) 𝜖ℝସ, 𝑤 ≠  0} , where (𝑥, 𝑦, 𝑧, 𝑤)  are 
standard co-ordinate of ℝସ. 

We choose the vector fields  

𝑒ଵ = 𝑒௪ డ

డ௫
,   𝑒ଶ  = 𝑒௪ డ

డ௬
 ,   𝑒ଷ = 𝑒௪ డ

డ௭
, 𝑒ସ =

డ

డ௪
,                     (7.1) 

which is linearly independently at each point of 𝑀. 

Let 𝑔 be the Riemannian metric denoted by  

𝑔(𝑒௜, 𝑒௝) = ൜
1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

                         (7.2) 

where𝑖, 𝑗 = 1,2,3,4. Let 𝐷 be the Levi-Civita connection with respect to Riemannian metric 𝑔. Then from 
equation (7.1), we have 

[𝑒ଵ, 𝑒ଶ] = 0, [𝑒ଵ, 𝑒ଷ] = 0, [𝑒ଵ, 𝑒ସ] = 0, [𝑒ଶ, 𝑒ଷ] = 0,
[𝑒ଶ, 𝑒ଷ] = 0, [𝑒ଶ, 𝑒ସ] = −𝑒ଶ, [𝑒ଷ, 𝑒ସ] = −𝑒ଷ.              

ൠ                                 (7.3) 

The Riemannian connection 𝐷if the metric 𝑔 is given by  

2𝑔(𝐷௑𝑌, 𝑍) = 𝑋𝑔(𝑌, 𝑍) + 𝑌𝑔(𝑋, 𝑍) − 𝑍𝑔(𝑋, 𝑌) − 𝑔(𝑋, [𝑌, 𝑍]) 

−𝑔(𝑌, [𝑋, 𝑍]) + 𝑔(𝑍, [𝑋, 𝑌]),                       (7.4)  

which is known as Koszul's formula. Using (7.2) and (7.3) in (7.4), we get 
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𝐷௘భ
𝑒ଵ =  0 ,        𝐷௘భ

𝑒ଶ  =  0,    𝐷௘భ
𝑒ଷ =  0,     𝐷௘భ

𝑒ସ =  0 ,       

𝐷௘మ
𝑒ଵ =  0,          𝐷௘మ

𝑒ଶ =  𝑒ସ, 𝐷௘మ
𝑒ଷ =  0,    𝐷௘మ

𝑒ସ =  −𝑒ଶ,            

𝐷௘య
𝑒ଵ =  0,     𝐷௘య

𝑒ଶ =  0,      𝐷௘య
𝑒ଷ  = 𝑒ସ,   𝐷௘య

𝑒ସ  = −𝑒ଷ,

𝐷௘ర
𝑒ଵ =  0 ,         𝐷௘ర

𝑒ଶ  =  0,    𝐷௘ర
𝑒ଷ =  0, 𝐷௘ర

𝑒ସ =  0.     ⎭
⎪
⎬

⎪
⎫

 

Also 

𝐷ഥ௘భ
𝑒ଵ = 2𝑒ସ ,            𝐷ഥ௘భ

𝑒ଶ  =  0,    𝐷ഥ௘భ
𝑒ଷ =  0,                  𝐷ഥ௘భ

𝑒ସ = −𝑒ଵ ,       

𝐷ഥ௘మ
𝑒ଵ = 𝑒ଵ + 𝑒ଶ,    𝐷ഥ௘మ

𝑒ଶ =  −𝑒ଵ + 𝑒ଶ + 2𝑒ସ, 𝐷ഥ௘మ
𝑒ଷ =  𝑒ଶ + 𝑒ଷ, 𝐷ഥ௘మ

𝑒ସ =  −𝑒ଶ,     

𝐷ഥ௘య
𝑒ଵ =  0, 𝐷ഥ௘య

𝑒ଶ =  0,        𝐷ഥ௘య
𝑒ଷ  = −𝑒ଵ + 𝑒ଷ + 2𝑒ସ,   𝐷ഥ௘య

𝑒ସ  = −𝑒ଷ,          

𝐷ഥ௘ర
𝑒ଵ =  0 ,            𝐷ഥ௘ర

𝑒ଶ  =  0,                  𝐷ഥ௘ర
𝑒ଷ =  0, 𝐷ഥ௘ర

𝑒ସ =  −𝑒ଵ + 𝑒ସ.     ⎭
⎪
⎬

⎪
⎫

     (7.5) 

     From (2.6), (7.4) and (7.5) we get 

𝑇ത(𝑒ଵ, 𝑒ସ) = [𝜂ଵ(𝑒ସ)𝑒ଵ − 𝜂ଵ(𝑒ଵ)𝑒ସ] + [𝜂ଶ(𝑒ଵ)𝑒ସ − 𝜂ଶ(𝑒ସ)𝑒ଵ] + [𝜂ଷ(𝑒ସ)𝑒ଵ − 𝜂ଷ(𝑒ଵ)𝑒ସ] 

⇒  𝑇ത(𝑒ଵ, 𝑒ସ) = −𝑒ସ ≠ 0. This shows that the linear connection 𝐷ഥdefined as (2.1) is a semi-symmetric 
connection on (𝑀ଷ, 𝑔). Also 

(𝐷ഥ௘భ
𝑔)(𝑒ଶ, 𝑒ସ) = −1 ≠ 0. 

From above, we can say that the defined connection 𝐷ഥ is semi-symmetric non-metric connection. 

8. Particular cases 

In this section, we list of the following particular cases. 

(i) If 𝜂ଶ = 𝜂ଷ = 𝜂ସ = 0. Then from (2.1), we obtain a semi-symmetric metric connection 𝐷ഥgiven 
by (Yano, 1970) 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉ଵ. 

(ii) If 𝜂ଵ = 𝜂ଶ and 𝜂ଷ = 𝜂ସ = 0, then equation (2.1) becomes  

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 + 𝜂ଵ(𝑋)𝑌 − 𝑔(𝑋, 𝑌)𝜉ଵ.  

This connection is symmetric but non-metric connection due to (Yano, 1970). This connection 
𝐷ഥ is conformally related to Levi-Civita connection. 

(iii) If 𝜂ଶ = 𝜂ଷ  and 𝜂ଵ = 𝜂ସ = 0 , the n equation (2.1) gives again symmetric but non-metric 
connection as (Yano, 1970; Smaranda, 1984)  

  𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଶ(𝑌)𝑋 + 𝜂ଶ(𝑋)𝑌.  

(iv) If 𝜂ଵ  and 𝜂ଶ  are replaced by −
ଵ

ଶ
𝜂 , and 𝜂ଷ = 𝜂ସ = 0.  Then we obtain a Weyl connection 

constructed with 𝜂 and 𝜉 (Folland, 1970) given by 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 −
ଵ

ଶ
[𝜂(𝑌)𝑋 + 𝜂(𝑋)𝑌 − 𝑔(𝑋, 𝑌)𝜉].  

This connection is a symmetric recurrent non-metric.  

(v) If 𝜂ଵ = 𝜂ଶ = 𝜂ସ = 0. Then (2.1) becomes a semi-symmetric non-metric connection introduced 
by (Agashe and Chafle, 1992) 

 𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଷ(𝑌)𝑋. 

(vi) If 𝜂ଵ = 𝜂ଷ = 𝜂ସ = 0 and 𝜂ଶ is replaced by −𝜂. Then (2.1) becomes 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 − 𝜂(𝑋)𝑌.  

Actually this is semi-symmetric non-metric connection but (Liang, 1994) called this is semi-
symmetric recurrent metric connection.  
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(vii) If 𝜂ଵ = 𝜂ଶ = 0 and 𝜂ଷ and 𝜂ସ are replaced by −𝜂. Then (2.1) gives 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 − 𝜂(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉. This connection investigated by Kumar and Chaubey in 2010 
on a generalized co-symplectic manifold. 

(viii) If 𝜂ଵ = 𝜂ଷ = 𝜂ସ = 0 . Then (2.1) gives another semi-symmetric metric connection by the 
expression (Agashe and Chafle, 1992) 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଶ(𝑋)𝑌,  

whose metric and torsion are non-zero (Melhotra, 2012). 

(ix) If 𝜂ଵ = 𝜂ଶ = 0and 𝜂ଷ = 𝜂ସ. Then equation (2.1) becomes 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଷ(𝑌)𝑋 + 𝑔(𝑋, 𝑌)𝜉ସ . This connection is also semi-symmetric non-metric 
connection and established by De and Biswas (1996/1997). 

(x) If 𝜂ଵ = 𝜂ସ = 0. Then equation (2.1) becomes 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଶ(𝑋)𝑌 + 𝜂ଷ(𝑌)𝑋.  

This semi-symmetric non-metric connection introduced by Prasad and Verma in (2004). 

(xi) If 𝜂ଷ = 𝜂ସ = 0. Then equation (2.1) gives 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 + 𝜂ଶ(𝑋)𝑌 − 𝑔(𝑋, 𝑌)𝜉ଵ.  

Prasad, Dubey and Yadav (2011) proved the existence of such connection and obtained various 
properties.   

(xii) If 𝜂ଶ = 𝜂ସ = 0. Then equation (2.1) yields (Prasad and Doulo, 2015) 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 + 𝜂ଷ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉ଵ. 

(xiii) If 𝜂ଵ = 𝜂ସ = 0 and 𝜂ଶ and 𝜂ଷ replaced by 𝑎𝜂 and𝑏𝜂 respectively, a, 𝑏 ≠ 0. Then equation (2.1) 
gives another semi-symmetric non-metric connection and this was proved by De, Han and Zhao 
(2016) 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝑎𝜂(𝑋)𝑌 + 𝑏𝜂(𝑌)𝑋. 

(xiv) If 𝜂ଶ = 𝜂ଷ = 0. Then equation (2.1) becomes  

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂ଵ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉ଵ + 𝑔(𝑋, 𝑌)𝜉ସ.  

This connection generalizes the notion of Agashe and Chafle (1992) connection and gives the 
connection of Sengupta, De and Binh (2000). 

(xv) If 𝜂ଵ = 𝜂ସ = 0, 𝜂ଶ replaced by −
ଵ

ଶ
𝜂 and 𝜂ଷ replaced by 

ଵ

ଶ
𝜂. Then (2.1) becomes  

𝐷ഥ௑𝑌 = 𝐷௑𝑌 +
ଵ

ଶ
[𝜂(𝑌)𝑋 − 𝜂(𝑌)𝑋].  

This existence of such connection were established by Chaubey and Yieldz (2019). 

(xvi) If 𝜂ଷ = 𝜂ସ = 0,  𝜂ଵ replaced by 𝜂 and 𝜂ଶ replaced by −𝜂. Then (2.1) becomes  

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌 − 𝑔(𝑋, 𝑌)𝜉.  

This connection is known as “semi-symmetric recurrent non-metric connection” (communicated 
for publication). 

Furthermore, we mention some connections that are not specific case of our connection but are of the 
same nature as identified by researchers: 

(i) In 1992, Barua and Mukhopadhya defined 
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𝐷ഥ௑𝑌 = 𝐷௑𝑌 − 𝜂
∗

ଵ(𝑋)𝑌 + 𝑔(𝑋, 𝑌)𝜉
∗

ଵ,  

where 𝑇ത(𝑋, 𝑌) ≠ 0  and (𝐷ഥ௑𝑔)(𝑌, 𝑍) ≠ 0  and they called “semi-symmetric non-metric 
connection”  

(ii) Recently in (2021), Prasad, Kumar and Singh investigated another type of semi-symmetric non-
metric connection which extended Agashe and Chafle’s (1992) connection by another way  

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂
∗

ଵ(𝑌)𝑋 − 𝜂
∗

ଶ(𝑌)𝑋, whose torsion tensor and metric are  

𝑇ത(𝑋, 𝑌) = ቂ𝜂
∗

ଵ(𝑌)𝑋 − 𝜂
∗

ଵ(𝑋)𝑌ቃ − ቂ𝜂
∗

ଶ(𝑌)𝑋 − 𝜂
∗

ଶ(𝑋)𝑌ቃand 

(𝐷ഥ௑𝑔)(𝑌, 𝑍) = −𝜂
∗

ଵ(𝑌)𝑔(𝑋, 𝑍) − 𝜂
∗

ଵ(𝑍)𝑔(𝑋, 𝑌) + 𝜂
∗

ଶ(𝑌)𝑔(𝑋, 𝑍) + 𝜂
∗

ଶ(𝑍)𝑔(𝑋, 𝑌)  

(iii) In 2000, Sengupta and De defined a semi-symmetric non-metric connection which generalized 
Yano’s connection (1970) 

𝐷ഥ௑𝑌 = 𝐷௑𝑌 + 𝜂
∗

ଵ(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉
∗

ଵ − 𝜂
∗

ଶ(𝑋)𝑌 − 𝜂
∗

ଶ(𝑌)𝑋, 

where𝜂
∗

ଵ and 𝜂
∗

ଶ  are 1-forms associated with the vector fields 𝜉
∗

ଵ and 𝜉
∗

ଶ  by 𝑔 ቀ𝑋, 𝜉
∗

ଵቁ = 𝜂
∗

ଵ(𝑋) 

and 𝑔 ቀ𝑋, 𝜉
∗

ଶቁ = 𝜂
∗

ଶ(X) with 𝑇ത(𝑋, 𝑌) = 𝜂
∗

ଵ(𝑌)𝑋 − 𝜂
∗

ଵ(𝑋)𝑌and 

(𝐷ഥ௑𝑔)(𝑌, 𝑍) = 2𝜂
∗

ଶ(𝑋)𝑔(𝑌, 𝑍) + 𝜂
∗

ଶ(𝑌)𝑔(𝑋, 𝑍) + 𝜂
∗

ଶ(𝑍)𝑔(𝑋, 𝑌).  
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